A Fourier Transforms and the Delta Function

Ultrasonic NDE involves the propagation of short, transient pulses. A
pulser, for example, generates voltage pulses that drive an ultrasonic trans-
ducer. That transducer transforms the electrical pulses into mechanical
pulses that travel as waves and are converted back into electrical pulses at
the receiving transducer. The received electrical pulses are then often
displayed on an oscilloscope as a voltage versus time signal. In order to
model ultrasonic systems ultimately we must be able to describe such
transient behavior. If we directly simulate these time varying signals this is
referred to as modeling in the time domain. However, it is often more
convenient to describe the ultrasonic system and its components in terms
of their frequency domain response, which is obtained by applying the
Fourier transform to the time domain signals. It is always possible to
recover the time domain signal from its Fourier transform through an
inverse Fourier transform, so that working in the frequency domain does
not imply a loss of information. In this Appendix we will describe some of
the basic properties of Fourier and inverse Fourier transforms and we will
show how these transforms can be implemented numerically with Fast
Fourier Transform (FFT) algorithms. We will also introduce the delta
function and its Fourier transform since that function plays a key role in
modeling linear systems, as shown in Appendix C.

A.1 The Fourier Transform and Its Inverse

Consider a pulse,v(t), a signal that is a function of the time, ¢. The
Fourier transform of v(t) , V(f) , is given by [A.1], [A.3],

+o0

V()= [ v(t)exp(2ift)d:. (A1)

—0

The variable f'is the frequency. Typically in ultrasonic NDE problems fis
given in MHz (millions of cycles/sec), where 1 cycle/sec = 1 Hz, and the
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corresponding time, ¢, is given in microseconds. Although we integrate
over all times in Eq. (A.1), most ultrasonic pulses are non-zero only over a
finite time interval. The inverse Fourier transform, which allows us to
obtainv(), is

+00

v(t)= [V (f)exp(-2xift)df . (A2)

—0

Equation (A.2) shows that in order to recover v(t) one must integrate over
both negative and positive frequencies. If the time domain function is real,
however, it can be shown that its Fourier transform satisfies
V(-f)=V"(f), where ( )* denotes the complex conjugate. Thus, the
negative frequency components can be obtained from the positive
components and in this sense they are redundant. Later, we will show how
to recover the time domain signal, v(t) , from only the positive frequency
components.

There are other definitions of the Fourier transform and its inverse
that are used in the literature so that one must be careful when comparing
results, using Egs. (A.1) and (A.2), to similar results from other authors.
We will use the definitions of Egs. (A.1) and (A.2) exclusively in this
work, or their equivalent definitions given by

+00

V(a)) = :[Ov(t)exp(ia)t)dt

(A.3)

V() == [V ()exp(—ieot)dao
2 2,
in terms of the circular frequency, @, as measured in rad/sec, where
w=2rf . Since v(t) and V( f ) can be obtained from each other, we can
write this relationship as v(t) > V( f ) . In a similar fashion we write the
corresponding relationships for a time shifted or differentiated signal as:

v(t—t,) > exp(27i f1,)V ()

d

_ (A.4)
7: o 27ifV (f).
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Fig. A.1. (a) An example of a simple “box” time domain function and (b) the
same function shifted in time.

For many other relationships see [A.3] or [Fundamentals].

As an example of a Fourier transform, consider the simple “box”
function shown in Fig. A.1 (a). The Fourier transform of this function can
be obtained analytically as

V(f):TAeXp(bziﬁ)d;
_ Atyexp(in ft, )sin(z ft,) (A.5)
= o .

The magnitude of this complex Fourier transform is shown in Fig. A.2 (a)
and its phase is given in Fig. A.2 (b). The phase plot shows periodic jumps
of mradians corresponding to the sign changes at these points of the
sin(7 f1,) function. Otherwise the phase of the Fourier transform is a
linearly increasing function of frequency due to the exp(iﬂ f to) term in
Eq. (A.5). If we shift this box function to the left by #,/2, the shifting
property of the Fourier transform given in Eq. (A.4) shows that for this
symmetrical function (see Fig. A.1 (b)) we instead obtain a purely real
Fourier transform given by

(/)

_ Atysin(z ft,)
B 7 ft,
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Fig. A.2. (a) The magnitude of the Fourier transform of the “box” function of
Fig. A.1 (a) and (b) the phase of this transform.

As another example of the use of the Fourier transform, consider
the following time function and its Fourier transform (also called the
Fourier spectrum of the signal):

v(t)=cos(2x /. t)exp[—t2 /4A2]

V(f):A\/;{GXP[—“”ZAZ(f—ﬁ)2}+6Xp[—47r2A2(f+fc)2]}, (A.6)
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Fig. A.3. (a) The time domain function in Eq. (A.6) and (b) the Fourier transform
of Eq. (A.6) for 4=0.2, f, =5 MHz.

These functions are shown in Fig. A.3 for 4 = 0.2 and f, =5 MHz. The
time domain function is a transient that has a shape typical of many
ultrasonic signals. The frequency domain spectrum is a pair of Gaussians
whose maxima are located at the frequencies f, and - f, . The constant 4
controls both the amplitude of these Gaussians and their widths. Normally,
one specifies the characteristics of a frequency domain spectrum as shown
in Fig. A.4 by a center frequency, f, , defined as the frequency at which the
maximum frequency domain response occurs, and a width of the spectrum.
One measure of the width that is commonly used in ultrasonic NDE is the



444  Fourier Transforms and the Delta Function

/.

frequency

Fig. A.4. Definition of the center frequency, /., and —6 dB bandwidth, bw, of a
spectrum.

—6 dB bandwidth, bw, which is defined in this case as the width of the
Gaussian when the amplitude drops 6 decibels (dB) below its maximum at
f = /., as shown in Fig. A.4. Note that an amplitude ratio V'/V, is defined
in terms of decibels (dB) as

;(dB) =20log,, (;j . (A.7)

r r

Since 20log,,(1/2)=-6.02dB, at —6 dB the amplitude has been reduced
to a value of approximately one half that of the reference value, where in
our case the reference value is the maximum at f = f,. The parameter, 4,
can be shown to be related to the —6 dB bandwidth, bw, by the
relation 4 =/In2/ (wbw). Figure A.5 shows the functions in Eq. (A.6) for
a center frequency f, =10 MHz and for various choices of the —6 dB
bandwidth, hw. It can be seen that a narrow bandwidth results in a wide
pulse with significant ringing in the time domain signal while a wide
bandwidth generates a very short pulse with little ringing. Ultrasonic
transducers with a large bandwidth are called wide-band, high resolution
transducers because the short time domain signals they generate allow one
to resolve signals that are near to one another. Ultrasonic transducers with
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Fig. A.5. Wave forms and spectra obtained from Eq. (A.6) for f, = 10 MHz and
(from top to bottom) bw = 4, 2, 1 MHz, respectively. Note that the amplitudes of
the spectra are getting larger and their widths narrower as the bandwidth decreases
although the amplitudes appear to be decreasing with decreasing bandwidth
because of the changing vertical scale.

small bandwidths are called narrow-band, high sensitivity transducers.
Although they cannot as easily resolve closely separated signals, the longer
duration pulses they generate normally have more energy than wide-band
signals and they can therefore penetrate deeper into materials.

As a final example of a Fourier transform pair, consider a 1-D
wave pressure pulse traveling along the positive x-direction in a fluid.



446  Fourier Transforms and the Delta Function

Such a pulse has the form p(¢z—x/c) where c is the wave speed. If we
take the Fourier transform of this traveling wave we find

+00

I p(t—x/c)exp(2rift)dt

—o0

=exp(27rifx/c)Tp(u)exp(2mfu)du (A-8)

—o0

=P(f)exp(27rifx/c),

where P( f)is the Fourier transform of p (). Note that we could also have
obtained this result directly by using the shifting property relationship of
Eq. (A.4). If we put this Fourier transform back into the inverse Fourier
transform expression, we obtain

+o0

p(t—x/c)z IP(f)exp(27riﬁc/c—27riﬁ)df

(A.9)

17 . .

. mP(a))exp(zkx iot)dw,
where k=w/c=2xf/c is called the wave number. Equation (A.9) shows
that we can consider a 1-D pulse as a superposition of terms of the form
p = Aexp(ikx—iot) which is a harmonic plane wave traveling in the
positive x-direction. The amplitude, 4, of the plane wave is just pro-
portional to the spectrum of the pressure wave, i.e. 4=P (a))/ 27 . The
wave number is related to the wavelength, A, of the wave through the
relation k=27/A. To see the meaning of the terms in the exponential
factor of this harmonic wave, first fix x (i.e. sit at a fixed location in space)
and watch the wave go by as a function of the time, z. The pressure will go
through a complete cycle (the exponential will change by 2r radians) in a
time, 7, , (in seconds) called the period of the wave. Thus, over one cycle
27 fT,=2n . This shows that the frequency, f, (in Hz or cycles/sec) is
just f=1/T,. Since a)=(2ﬂ rad/cycle)(f cycles/sec) we see that w is
just the rate at which the argument of the exponential term of the pressure
is changing in time at a fixed location in units of rad/sec. Now, instead fix

the time ¢ and consider the pressure changes as a function of x. Physically,
this would correspond to taking a “snapshot” of the wave variations at a
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fixed time as a function of the distance, x. Again the pressure will go
through a complete cycle over a distance, D, when kD =27D/A =27 s0
that the wave length, A, is just that distance, measured in units of length/
cycle. But k =(27 rad / cycle)/( A length/ cycle) so the wave number is just
the rate at which the argument of the exponential term of the pressure is
changing in distance at a fixed time in terms of units of rad/length.

Equation (A.9) shows that in solving wave propagation and inter-
action problems, we can consider the behavior of harmonic waves and then
obtain the solution for a pulse by Fourier superposition. We have shown
this fact here only for 1-D plane waves, but it is also true for other types of
waves as well.

A.2 The Discrete Fourier Transform

In practice, experimental ultrasonic NDE signals are manipulated digitally,
i.e. the analog (continuous) time domain signals are first sampled and then
these sampled values are stored digitally for later processing. Thus, it is
also important to be able to deal with Fourier transforms and their inverses
in terms of discrete, sampled signal values. This can be done using forms
similar to Egs. (A.1) and (A.2) given by the discrete Fourier transform pair
[A.2]:

V(£,)=A3v(t, Jexp[2mi(j~1)(n-1)/N] (n=1.2...N)
| . (A.10)

v(tk):m:lV( £ )exp[ ~2zi(n-1)(k=1)/N] (k=12....N).

where v(#,),V(f,) are values of a time domain function and its Fourier
transform at discrete frequency and time values, respectively, At=¢,,, —¢,
is the sampling time interval, and N is the total number of sampled points.
As with the Fourier transform and its inverse, the discrete Fourier
transform pair of Eq. (A.10) may appear in different forms in the literature.
Here, Eq. (A.10) is the discrete transform pairs corresponding directly to
Egs. (A.1) and (A.2).

While the Fourier transform and its inverse are usually applied to
non-periodic functions their discrete Fourier transform counterparts in
Eq. (A.10) are always periodic functions. For example, the first sampled
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Fig. A.6. A sampled periodic time domain function showing the N sampled values
used in the discrete Fourier transform (dark circles) and other sampled values
(light circles). The sampling time interval is A, the time #__ is the time at which

max

the transient signal ends, and the time 7' = NAt¢ is the period.

value in the time domain, v(tl) , is normally taken to be the value sampled
at = 0. There are then N sampled values from ¢ = 0 to ¢ = (N-1)At. The
sampled value v(z,,, ) =v(NAt), however, is the same as the value at time
t = 0 and subsequent samples v(tN”),v(ZNH) etc. also repeat previous
values. As Fig. A.6 shows the sampled time function is periodic with
period T = NAt . Similarly, in the frequency domain the first sampled
Value,V( fl), is the frequency component for /= 0 (the d.c. value) and
there are then N sampled frequency components from = 0 to f'= (N-1)Af,
where Af'= 1/T. The sampled ValueV( fN+1): V(NAf ) , 1s again the d.c.
value. The frequency domain function is therefore also periodic with
period f,= 1/At, where f, is the sampling frequency (see Fig. A.7). In
Appendix G a MATLAB function s space is given that generates a
sampled time or frequency axis with precisely these values needed for
application of the discrete Fourier transform or its inverse. For example,
s_space(0, 7, N) generates a set of N evenly spaced sampled values going
from 0 to T - At, where At = T/N is the sample spacing. Note that if we
used the built-in MATLAB function linspace(0, 7, N) we would obtain
instead a set of N evenly sampled values going from 0 to 7 with sample
spacing At = T/(N-1).
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Fig. A.7. The magnitude of a sampled periodic frequency domain function
showing the N sampled values use in the discrete inverse Fourier transform (dark
circles) and other sampled values (light circles). The frequency sampling interval
is Af =1/T , the frequency £, 1is the maximum frequency contained in the signal

and the sampling frequency f, =1/At is the period.

As long as the original time domain signal is shorter than the
sampling period, 7, and the sampling frequency is sufficiently high to
capture all the significant “wiggles” in the signal it can be seen from
Fig. A.6 that the N sampled time domain components contained in the
discrete Fourier transform will capture the entire signal adequately. Note
that if the time signal has non-zero values before ¢ = 0, those values will
appear in the upper half of the N time domain samples as shown in Fig.
A.6. The MATLAB function c_shift (see section G.8 in Appendix G for a
code listing) can be used to shift the entire time domain function and place
these negative time values back into their proper position so that the
function does not appear to be split. Similarly, a MATLAB function t_shift
given in Appendix G changes the time-axis appropriately.

In the frequency domain the negative frequency components in the
discrete Fourier transform are also contained in the upper half of the N
frequency domain samples as can be seen from Fig. A.7. Since inherently
the frequency spectrum of a real time domain function must contain both
negative as well as positive frequency components, Fig. A.7 shows that
unless the sampling frequency, f., is at least double f, , the highest fre-
quency contained in the signal, these periodically repeated functions will
overlap and we will not recover the original spectrum of the signal. To
prevent this phenomenon, which is called aliasing, we must therefore
always choose a high enough sampling frequency. This requirement is
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embodied in what is called the Nyquist criterion (or the sampling theorem)
which is [A.1]:

The sampling frequency, f. =1/ At, must be at least twice the maximum
significant frequency, f, .., contained in the waveform being sampled.

In ultrasonic NDE, the transducers commonly used do not produce signi-
ficant frequencies above about 20 MHz and inspected materials (steel,

Code Listing A.1. The FFT corresponding to Eq.(A.10).

function y = FourierT(x, dt)
% FourierT(x, dt) computes forward FFT of x, with sampling time interval dt
% FourierT assumes the Fourier transform is in terms of exp(2*pi*i*f*t)
% For NDE, frequency components are normally in MHz, dt in microseconds
% If x is a matrix, the transform is performed on the columns of x
[nr, nc] = size(x);
if nr==
N =nc;
else
N =nr;
end
y = N*dt*ifft(x);

Code Listing A.2. The Inverse FFT corresponding to Eq.(A.10).

function y = [FourierT(x, dt)

% IFourierT(x, dt) computes the inverse FFT of x, for a sampling time interval dt
% IFourierT assumes the inverse transform is in terms of exp(-2*pi*i*f*t)

% For NDE, frequency components are normally in MHz, dt in microseconds

% If x is a matrix, the inverse transform is performed on the columns of x

[nr,nc] = size(x);

ifnr==

N =nc;
else

N =nr;
end

y =(1/(N*dt))*fft(x);
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aluminum, etc.) also attenuate ultrasound severely above such frequencies.
Thus, a frequency of 100 MHz is normally a conservative choice for the
sampling frequency that will satisfy the Nyquist criterion. This
corresponds to a sampling time interval Af =10 nanoseconds. The number
of sampling points, N, then determines the total length of the time
record, 7 = NAt¢, being digitized which in turn determines the sampling
interval in the frequency domain, Af', since Af = f. /N=1/NAt=1/T .

To implement the discrete Fourier transform pair of Eq. (A.10)
efficiently, one uses Fast Fourier Transform (FFT) algorithms, which are
widely available [A.4]. Numerous books have been written on FFTs if one
is interested in the details of those algorithms. To perform these discrete
transforms in MATLAB, we must be aware that the built-in MATLAB
FFT functions fft and ifft are defined such that the signs are exchanged in
the exponentials appearing in Eq. (A.10) and the MATLAB functions do
not include the sampling time constant Af or N appearing in the
coefficients of Eq. (A.10). Thus, we have defined a new set of MATLAB
functions, FourierT and [FourierT, to implement the discrete transforms in
Eq. (A.10). Those functions are defined in Code Listings A.1 and A.2. The
functions FourierT and IFourierT, like fft and ifft, will perform Fast
Fourier Transforms and their inverse on either vectors or matrices. If the
input data is a vector, it can be a column or row vector. If the input data of
these functions is a matrix, then they will perform the FFTs or inverse
FFTs on the columns of the matrix. Fast Fourier Transform algorithms are
often implemented with the number of samples N =2" for some integer
m. In fact some FFT algorithms require the number of samples be a power
of two. The MATLARB functions fft and ifft do not have this restriction so
that neither do the functions FourierT and IFourierT. However, these
functions are also more efficient when the number of samples is a power of
two.

If we give the function [FourierT only the positive frequency
components of a real time domain function, then to recover that real time
function we need to compute twice the real part of the output of [FourierT
(which will be complex), This is necessary since if we compute the inverse
Fourier transform of a function ¥ (/) using only the positive frequency
components we do not obtain the function v(¢) but instead find the function
v, (¢) where [Fundamentals]:
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Fig. A.8. (a) A delta function, and (b) its Fourier transform.

v, (t) = V(f)exp(—Z;rift)df

—38

(A.11)

= °

v(t)+i+.|iL_Tt)dr

so that one-half of the original function v is in the real part of v, (t) and
one half of the Hilbert transform [A.3] of v shows up in the imaginary
part. [Note that if V' (f,)=V(f )|f_=ois non-zero, which can happen with
time functions whose average (dc) value is not zero, then one half of that
value must be associated with the positive frequencies and one half with
the negative frequencies, i.e. we should compute [FourierT on the positive
frequencies only after first making the replacement V( fl) - V( h )/ 2].

A.3 The Delta Function

One function that plays a key role in analyzing linear systems is the delta
function [A.1]. We can define a delta function from a limit of the ‘“box”
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S(t-1)

Fig. A.9. A shifted delta function.

function shown in Fig. A.l1 (a). If we let ¢, >0 but keep the product
At, =1 so that the function always contains unit area, then the box
function becomes an infinite spike at # = 0 as shown in Fig. A.8 (a), which
we will denote symbolically by the delta function &(¢). In the same limit
the Fourier transform of the box function becomes simply unity at all
frequencies, as shown in Fig. A.8 (b) so that we have the Fourier transform
pair 5([) <> 1. Thus, a delta function generates all frequencies equally. It
is this property that makes a delta function an ideal function to serve as a
system input since the output of a system with such an input will then
reflect how the system modifies this uniform input at all frequencies. As
discussed in Appendix C, this allows us to obtain the transfer function of a
linear system. The shifted delta function & (t—z') is an infinite spike at
time =7, as shown in Fig. A.9. Some important properties of (7 —7)
are:

S(t-7)=0 t=7

, 0 z<aort>b AL
Ig(t)&(t—r)dtz g(r) a<r<b (A.12)

g(z’)/2 T=aort=>b

and
. 0 <z
§(u—r)du=H(l—‘r)= 1/2 t=1, (A.13)
= 1 t>7
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H(t-7)

Fig. A.10. A unit step function at t = 7.

where g(f) is an arbitrary function and H(¢) is the unit step function.
Equation (A.12) shows the sampling properties of the delta function while
Eq. (A.13) shows that the integral of the delta function &(z—7)is the step
function H(¢—7), as shown in Fig. A.10. If we examine the several
Fourier transform relations of Eq. (A.4) for the delta function we find

S(t—t,) <> exp(2inft,)

A.14
ﬁ<—>—27rif. ( )
dt
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A.5 Exercises

1 (a). Write a MATLAB function, spectrum1, which computes the positive
frequency components of a signal given by

V(f)=aNmexp| 47" 4 (1~ 1) ],

where 4 is given in terms of the -6 dB bandwidth, bw, as A4 = \/ﬂ / (ﬂbw) .
Spectruml should return sampled values of V for a set of sampled
frequencies, f (in MHz), and a specified center frequency, fc , (in MHz),
and bandwidth, bw, (in MHz), i.e. we should have for the MATLAB
function call:

>>V = spectrum1(f, fc, bw)

Show that your function is working by evaluating the spectrum for
512 frequencies ranging from zero to 100 MHz with fc = 5 MHz, bw = 1
MHz. Generate the frequencies with the function s_space (see Appendix
G), i.e. evaluate

>>f=s_space(0, 100, 512);

Plot V over a range of frequencies 0 — 10 MHz (approximately).

1 (b). Use the MATLAB function IFourierT to obtain a sampled time
domain function, v(t) , from the sampled spectrum computed in problem

1 (a). Plot v(l‘) by first generating a set of 512 time domain values with
the function s_space, i.e.

>>t =s _space(0, 512*dt, 512);

where dt is the time interval between samples (which in this case is
dt =1/100). Then use the t_shift and c_shift functions given in Appendix
G so that the sampled values of v(t) shown are not split between the first
and last half of the window. Show that your results agree with the
analytical result:

v(t)=cos(27f, t)exp[—z2 /4A2]
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if we take into account the fact that we only used the positive frequency
components.

1 (¢). Now apply the FourierT function to the sampled v(7) obtained from
part 1 (b) and plot the magnitude of the resulting spectrum V( I ) . How is
this V( f ) different from the one you started with?

1 (d). If you look carefully at your plot of V(f) in part 1 (a) you should see
that the sampling interval, Af, in the frequency domain is not quite small
enough to give an accurate representation of the Gaussian function. Take
the v(7) signal obtained in 1 (b), shift it so that all the values in the second
half of the time domain window are zero, and then append 512 zeros to
that signal. Apply FourierT to this longer signal to obtain the spectrum.
Show that this process, which is called zero padding, improves our
resolution in the frequency domain. Note that zero padding does not affect
the sampling frequency.

2. The Hilbert transform, [ f (t)] , of a function f'(¢)is defined as

When a plane traveling wave of the form f (t—x/c) is reflected from a
surface beyond a critical angle, as discussed in Appendix D, the Hilbert
transform of the function f (t) appears in the reflected wave causing the
reflected waveform to be distorted from the incident wave. It can be shown
[A.2] that if F(w)is the Fourier transform of f(7) then the Fourier
transform of the Hilbert transform of f (l) , H (a)) , 1s given by

H (w)=—isgn(®)F(w) where

+1 >0

n(o)-|

w<0’

We can use this fact in conjunction with the Fast Fourier transform as a
convenient way to compute the Hilbert transform of a function. To see this
consider the follow example:
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In MATLAB, define a sampled time axis consisting of 1024 points
going from 7 = 0 to ¢ = 10 psec. Over this time interval define a sampled
function f (t) that has unit amplitude for 4.5 <¢ <5.5 psec and is zero
otherwise. Use FourierT to calculate the Fourier transform, F(w), of f(t).
Then use the relationship /A (a))z—isgn(a))F (a)) to find the Fourier
transform of the Hilbert transform of f (t) and compute the Hilbert
transform itself by performing an inverse Fourier transform on this result
with IFourierT. [Note that if you use only the positive frequency values to
compute the inverse, then we only need to multiply those values by —i ].

Plot your results versus time. In this case the Hilbert transform of f (t)
can be obtained analytically [Fundamentals]. It is

H[f(t)]z%ln

t—55
r—4.5|

Using a different plotting symbol, plot this function also on the same
graph. How do your results compare?



B Impedance Concepts and Equivalent Circuits

Impedance is very important concept for ultrasonic systems since it appears
in a variety of contexts [B.1]. Thus, in this Appendix we will discuss briefly
impedance as it appears in both electrical and acoustical components. We
will also examine the concept of equivalent circuits and the use of Thévenin’s
theorem to represent active electrical systems such as an ultrasonic pulser.

B.1 Impedance

Impedance is a quantity that is most often associated with electrical circuits.
Consider, for example, the electrical elements shown in Fig. B.1. The time
varying voltage and current for these elements are related to one another
through the following relations:

Resistor— V(t)=R1(1) (B.1a)

Capacitor— C? =1(1) (B.1b)

Inductor— V(t) = LdIT(t). (B.1¢)
t

If we assume these voltages and currents are harmonic, i.e. V' =V exp(—ia)t) ,
I =1I,exp(—iot), then for these elements we have

Resistor— Vo=RI, (B.2a)
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10
1)
W

Fig. B.1. The voltage and current flowing (top to bottom) in a resistor, capacitor,
and inductor, respectively.

1
Capacitor— V,=—2 (B.2b)
—iwC
Inductor— Vy=—iwL I,. (B.2¢)

We could instead take the Fourier transform of all the relations in
Egs. (B.1a-c) and view Egs. (B.2a-c) as the relations between the Fourier
transform of the voltage, V (a)) , and the Fourier transform of the current,
I,(w), for these elements. In general, we see we can write for all these
elements V, (@) =Z¢(w)1,(®), where Z°(w)is the complex electrical
impedance. The impedance has the dimensions of volts/amps = ohms (Fourier
transforms of voltage and current will have dimensions such as volts/Hz
and amps/Hz but their ratio is still ohms). We see that V, (@) =Z° (@), (o)
is true for these simple individual circuit elements. However, we can also
take a complex circuit composed of many of these elements and also
replace them by an equivalent complex impedance in the same fashion.

Impedance also is associated with mechanical systems [B.1].
Consider, for example, the mechanical elements shown in Fig. B.2. The



B.1 Impedance 461

Fig. B.2. The forces and displacements acting (top to bottom) in a spring, dashpot,
and mass, respectively.

time varying forces and displacements for these elements are related to one
another through the following relations:

Spring- F=k(u, —u) (B.3a)
du, du
Dashpot— F=c, (7; - 7;} (B.3b)
2
Mass— F=m d ? (B.3¢)
dt

Again, if we assume these forces and displacements are harmonic
so that F' = F, exp(—iwt), u=U exp(—iwt) or take the Fourier transforms of
Eq. (B.3a-c) we find
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Spring- Fy=k(U,-U,) (B.4a)
Dashpot— F, =—iac, (U2 - U1) (B.4b)
Mass— F,=-mw’U, (B.4¢)

which also can all be expressed in terms of a complex mechanical impedance,
Z" (), where Fy(w)=Z"(w)AU (). In this case the dimensions of the
mechanical impedance are that of stiffness, i.e. force/displacement.

Ultrasonics inherently involves the propagation of waves and the
concept impedance also is an important one for wave motion [Fundamentals].
Consider, for example, a 1-D plane pressure wave in a fluid propagating in
the positive x-direction. The pressure and x-component of the velocity in
the wave can be expressed in the forms

szf(t—x/c)

v, =V f(t-x/c), -5)

where P, V are pressure and velocity amplitudes of the waves (the function
fis dimensionless) and ¢ is the wave speed. However, the pressure and
velocity in the fluid are related to one another though the equation of
motion of the fluid, which is (see Appendix D)

op ov
Py B.6
o Lo (B-6)

where pis the density of the fluid. Placing the pressure and velocity
expressions of Eq. (B.5) into Eq. (B.6) then gives

Ef’(t—x/c)szf’(t—x/c), (B.7)
c
where /= df (u)/du . It then follows that

P=pcV. (B.8)

The quantity z = pc 1is called the specific acoustic impedance of a plane
wave. If we consider the force in the wave, F, generated by the pressure
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Fig. B.3. A plane wave traveling in the x-direction and a cross-sectional area, S, of
the wave front.

acting on a cross-sectional area, S, of the wave front, as shown in Fig. B.3,
then we have

F=PS=pcSV, (B.9)

where Z* = pcS is called the acoustic impedance of the plane wave. This
acoustic impedance has the dimensions in the SI system of Newtons-second/
meter (N-s/m) and the specific acoustic impedance has the dimensions
N-s/m’. For more general wave types the acoustic impedance or specific
acoustic impedance is in general a complex quantity.

An ultrasonic system inherently contains electrical and electromecha-
nical elements as well as propagating acoustic and elastic waves. Thus, the
system will be described by a variety of different impedances and we need
to distinguish between them. In this book we will use the symbol “Z” for

cC 9

impedances and denote electrical impedance by an “e” superscript and
acoustical impedance by an “a” superscript, a notation also followed in
this section. For example, in Chapter 4 the electrical input impedance of a
transmitting transducer 4 is given as Z;*° while the same transducer’s

acoustic radiation impedance is given as Z“ .

B.2 Thévenin’s Theorem

An ultrasonic system contains both active and passive electrical and
electromechanical elements. The pulser, for example is an active electrical
network since it contains the driving elements of the ultrasonic system.
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Fig. B.4. An electrical network with sources connected to a passive network.

current = 0

r(1)
a

b
L 4

Fig. B.5. Introduction of a voltage source that makes the current flow between the
two networks zero.

Cables and transducers are passive networks since they merely transfer
and/or transform energy but do not generate it. To model in detail an active
electrical network like a pulser would be a very challenging task since a
pulser is a very complex set of circuits. If we assume the pulser acts as a
linear device then Thévenin’s theorem allows us to avoid this complexity
and replace a pulser with a simple equivalent circuit consisting of a voltage
source and electrical impedance in series. Here, we will outline briefly the
proof of this important theorem [B.2].

Consider an electrical network, N ,, that contains both passive
elements and sources and connect it at its terminals to a network, N, , that
is passive (no sources) as shown in Fig. B.4. Let i(¢) be the current flowing
between two networks at terminals a-b. It is assumed here that both N,
and N, are linear networks. Now introduce an opposing voltage source,
V(t) , in front of the terminals a-b such that the current is driven to zero, as
shown in Fig. B.5. Since now there is no current flowing between N, and
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V(1)
N +1 O_.
T

—@

Ve,=0

a
b

Fig. B.6. The network N , detached from the passive network N, .

NA
with sources
removed

Fig. B.7. Re-attaching the network A with all the sources replaced by ¥, (¢) .

N, , the voltage across terminals a-b, V, , is zero and we can break the
circuit at a-b , as shown in Fig. B.6, without disturbing any voltages or
currents. Because there is no current flowing out of the network N ,in
Fig. B.6 the voltage Vo(t) in that figure is the output voltage of the
network N, under open-circuit conditions and it follows that

Vot)=V()=V.,, =0, (B.10)

which shows that V() is just the open-circuit voltage, Vy(¢), of network
N, . If we now reverse the polarity of V() and remove all the sources in
N, (by replacing them with short circuits), when we reattach N, to N,
the original current will be set up between N, and N,, as shown in
Fig. B.7. Since N, is a passive network, the voltage across terminals a-b
will also be the same as in the original setup. Thus, we can say that the
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Vo(wl L(‘:) Zi(0)

(a) (b)

Fig. B.8. (a) The Thévenin equivalent network of Fig B.7 represented in the
frequency domain by a complex source and impedance, and (b) the same equivalent
circuit with the source and impedance exchanged.

circuit shown in Fig. B.7 is equivalent to the original circuit of Fig. B.4. This
is the essence of Thévenin’s theorem which states that:

A two terminal network containing sources and passive elements is
equivalent (as far as its external effects are concerned) to a voltage source
in series with the network with all the sources removed; the voltage of the
equivalent source has the same magnitude and polarity as those of the
voltage appearing across the terminals of the original network under
open-circuit conditions.

If we Fourier transform all the voltages and currents appearing in
these networks and work in the frequency domain, then the original
network with it sources removed is equivalent to a complex electrical
impedance, Zj(a)), and we can replace our original network with the
equivalent circuit of Fig. B.8 (a). However, from that figure we have the
two equations

V. (0)=2: ()i(0)
(ORAOEAD)

c

(B.11)

which give
V(o)=Y (@) =2 (o)i(o) (B.12)

It is often customary to exchange the positions of the source and
impedance so that the source “drives” that impedance, as shown in
Fig. B.8 (b). If we let V'=-V,i'=—i and V, =-F, in Eq. (B.12) then that
equation still holds for the equivalent circuit shown in Fig. B.8 (b). Thus,
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Fig. B.9. An RC-circuit and voltage source.

(a) (b)

Fig.B.10. (a) The RC-circuit showing the open-circuit voltage, ¥, , and the current, /,
flowing in the circuit, and (b) the source-free circuit that must be placed in series
with the open-circuit voltage to obtain the Thévenin equivalent circuit.

the complex source and impedance of Fig. B.8 (b) is the Thévenin equi-
valent circuit corresponding to our original network.

Example: Consider the simple circuit shown in Fig. B.9 where a
voltage source with frequency components V; (w) is connected to a resis-
tance, R, and a capacitance, C. Determine the Thévenin equivalent source
and impedance that replaces this circuit.

Consider the open-circuit voltage, ¥, (@), and the current, /(o),
in the circuit as shown in Fig. B.10 (a). We have the relations

V-V, = IR
I (B.13)
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(o)

Fig. B.11. The Thévenin equivalent circuit for a pulser attached to a known external
resistance, R, , for measuring the impedance, Z° (a)) .

If we eliminate / from these two equations we find the Thévenin equivalent
source is

Vo(o) =M (B.14)
1-ioRC
This circuit in series with the original circuit with the sources removed
(short-circuited) is our Thévenin equivalent circuit. The source-free circuit
is shown in Fig. B.10 (b) where we see that we just have the resistor and
capacitor in parallel. Thus, the equivalent impedance, Z¢, of this source-free
circuit is just

1 1 1
Z (@) R (U—iaC)’ (B.15)
which gives
R
A = B.16
(a)) 1—iwRC ( )

B.3 Measurement of Equivalent Sources and Impedances

A pulser in an ultrasonic measurement system is an example of an
electrical network containing sources. As shown in Chapter 2 if we assume
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—> h
Vi /] (o— R, | V.

Fig. B.12. A setup for determining the impedance of the RC-circuit.

the pulser acts as a linear system we can find the Thévenin equivalent source
for the pulser, ¥, (@), by measuring the open-circuit voltage, ¥, (¢), at the
output terminals of the pulser and Fourier transforming this measured
voltage to obtain ¥ (a)) But how do we find the equivalent impedance,
z° (w) , of a real instrument such as a pulser since we cannot go into the
instrument and physically short circuit the sources, as we did with the
known circuit in the previous example? Instead, as shown in Chapter 2, we
can place a known load resistance, R, ., at the output terminals of the
pulser and measure the voltage, V, (t), across this load. Fourier
transforming this voltage then gives V, (a)) (see Fig. B.11). But from the

Thévenin equivalent circuit of the pulser shown in Fig. B.11 (see also
Chapter 2), we find that

Vo=V, =Z°1
(B.17)
V,=R,1.
So eliminating the current, /, we find
Vo (@)
Z(w)=R,| —~~1]. B.18
(@) L(VL @) J (B.18)

Equation (B.18) shows that with measurements of both V; (@) and V, (),
with the resistance, R, , known, we can determine the Thévenin equivalent
impedance, Z° (a)) . Note that this impedance does not depend on the
value of the known resistance. It is only a function of the properties of the
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pulser itself. We can demonstrate this method for determining the impedance
for our RC-circuit example again. Figure B.12 shows that circuit and the
resistance, R, , at its output terminals. From Fig. B.12, we have

V.-V, =IR
V,=LR
oo (B.19)
(1 =1 2)
V,=——F7-.
Y —ieC
Eliminating the currents /,,/, from these equations gives
. 4
" (1-iwRC)+R/R,’ (B:20)

Using Eq. (B.20) and Eq. (B.14) for the Thévenin equivalent source, we

find
s o g

(B.21)

_p ) RIR_|__ R
“|(1-iwRC)| (1-iwRC)’

which is the same value for the impedance obtained earlier in Eq. (B.16)
and is indeed independent of R, .

B.4 References

B.1 Cremer L, Heckl M, Ungar EE (1973) Structure-borne sound. Springer-
Verlag, Berlin, Germany
B.2 Cheng DK (1959) Analysis of linear systems. Addison Wesley, Reading, PA

B.5 Exercises

1. A propagating harmonic spherical pressure wave from a point source in
a fluid is given by p = Pexp(ikr —iot)/r, where r is the radial distance
from the source (see Fig. B.13).The radial velocity can also similarly be
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Fig. B.13. A spherical wave arising from a point source in a fluid.

Q

Fig. B.14. An example circuit.

written as v, =V exp(ikr —ict)/r . If the equation of motion of the fluid in
spherical coordinates is given by

9 _ oy,

r

o ot

2

determine the specific acoustic impedance P/V of this spherical wave.
What happens to this impedance when the frequency, w, is very large?

2. For the circuit shown in Fig. B.14 obtain the Thévenin equivalent source
and impedance in terms of the given circuit elements.



C Linear System Fundamentals

In this book an ultrasonic system is modeled as a series of interconnected
linear systems. Thus, linear system theory will be a fundamental part of all
our discussions. This Appendix will outline a number of key linear
systems concepts such as two port systems and linear time-shift invariant
systems. We will also discuss the role that the convolution theorem plays
in linear systems as well as related quantities such as impulse response
functions and transfer functions.

C.1 Two Port Systems

The pulser in an ultrasonic system is an active circuit (a circuit with
sources) that drives the rest of the ultrasonic system through the pulser
output port. The cabling and transducer(s) in an ultrasonic system normally
are passive elements (no sources) and they contain both input and output
ports, as shown in Fig. C.1. In the case of a cable, it is purely an electrical
system so the inputs and outputs are both of the same type (voltage,
current). An ultrasonic transducer transforms voltage, V, and current, /, at
its electrical port into a mechanical force, F, (arising from a pressure
distribution on the face of a piezoelectric crystal as shown in Fig. C.1 (b))
and a velocity, v, (which represents the average velocity of motion of the
crystal) at its acoustic port. The underlying velocity distribution is shown
in Fig. C.1 (b) as being uniform at the acoustic port. A transducer with this
type of velocity profile is called a piston transducer. [Note: piston trans-
ducer models have been shown to often be very effective for modeling real
commercial ultrasonic transducers but one should be aware that this
idealized model may not be suitable for all transducers. In this book we
will generally assume a piston transducer model is valid].

We can represent a purely electrical two port system such as a
cable schematically as shown in Fig. C.2 [C.1]. Note that it is customary to
assign the currents so that they flow into the two port system on the input
side and flow out on the output side, a convention that we will also follow
here.
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1 [g
(a)
F v
—
1/
(b)

Fig. C.1. (a) Cabling as a two port electrical system, and (b) an ultrasonic trans-
ducer as two port system with voltage, ¥, and current, /, at the electrical port and
force, F, and velocity, v, at the acoustic port. The force F' is the net compressive
force generated by the pressure distribution acting across the face of the transducer
and v is the average velocity due to the velocity distribution of the transducer face.
The pressure distribution is non-uniform, as shown, but the velocity distribution is
taken to be the uniform velocity profile of a piston transducer.

Since we will assume this is a linear system the inputs and outputs
are proportional to each other through a 2x2 transfer matrix, [T] , Where

e[ )

The dimensions of the elements of the transfer matrix are: 7,,,7,,:
dimensionless, 7;, :ohms, 7,, :1/ohms. Note that the voltages and currents in

Eq. (C.1) are all in the frequency domain, i.e. they are the Fourier transforms
of the time varying voltages and currents present at the input and output
ports. Thus, the transfer matrix is also in the frequency domain. Another
common way to represent a two port system is in terms of a 2x2 impedance

matrix, [Z"] . In this case it is usual to represent the currents on both sides

of the two port system as flowing into the system, as shown in Fig. C.3,
and write:
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Vi Al T 8

Fig. C.3. An electrical two port system represented by an impedance matrix,

[z].
{I/l(w)}:|:zlel ZIGZ:|{[1(CO)} (C 2)
n(e)] |z ]| 5L(e)
where [, =—I,. In this case the dimensions of the elements of the
impedance matrix are all ohms. In addition to linearity, we will assume

that a two port system is reciprocal. The meaning of reciprocity is as
follows. Consider a two port system, characterized by its transfer matrix

[T] (or, equivalently, by its impedance matrix,[Z“’] ). Let us attach this

two port system to electrical networks A and B at its input and output
terminals, respectively, as shown in Fig. C.4. We will call this connected
set of systems state (1). Under these conditions the voltage and current at

the input port are Vl('),ll(l) and the voltage and current at the output port
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Fig. C.4. A two port system with its ports terminated differently in two states,
labeled states (1) and (2).

are Vz(l) ,Iél) . Now, attach the same two port system to two other networks
C and D, as shown in Fig. C.4. Call this connected set of systems state (2).
Then in this state we have Vl(z),ll(z) and 1/2(2),I§2) for the voltages and
currents at the input and output port, respectively. Our two port system is
said to be reciprocal if for any two states (1) and (2) the inputs and outputs
satisfy the reciprocity relation given by

y @

1 1

—p @0 ) _p o, (C.3)

Equation (C.3) is a rather “opaque” equation in that it is difficult to see
what it really means. However, when it is applied to our two port system
written in terms of its impedance matrix, one can show that reciprocity
simply implies that the impedance matrix is symmetric, i.e. Z5, =Z,[C.1].
Similarly, Eq. (C.3) implies that determinant of the transfer matrix of the
two port system equals one, i.e. det[T]|=T, T,, - T,,T,, =1[C.1].

For a linear, reciprocal two port system the components of the
transfer matrix and the impedance matrix are obviously related. It is not

difficult to show that the transfer matrix can be expressed in terms of the
impedance matrix components as:
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S
Vl T [T1] [T')] ese [TN] T v,

v T [T¢] T v,

Fig. C.5. A cascade of linear, reciprocal two port systems and their replacement
by a single “global” two port system.

[T] _ Z]el /Zle2 (Zflzzez _(Zlez )2)/2162 ‘

(C.4)
1/Z;, Z5, 17,

From Eq. (C.4) it follows directly thatdet[T]zl, as it should be.
Similarly, the impedance matrix can be written in terms of the transfer
matrix components as:

[Ze]z ]11/Tzl l/Tzl (C 5)
UT, T,/T, ] '

which shows that Z3, = Z/, is automatically satisfied.

One can express impedance components in terms of transfer
matrix components and vice versa so in principle it does not matter which
of these representations we use for a two port system. However, when one
is dealing with a series of connected two port systems, as is the case for an
ultrasonic system (e.g. the cabling is attached to the transducer, both of
which are two port systems) then the transfer matrix is more convenient to
use since one can replace a series of connected two port systems, each

characterized by their own transfer matrices [T, [,[T,].....[Ty ] as shown in

Fig. C.5, by a single global 2x2 transfer matrix , [TG] , where the global
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Fig. C.6. An RC-circuit modeled as a two port system.

matrix is obtained by matrix multiplication of each of the individual transfer
matrices, 1.e.

[T, ]=[T][T.]..[Ty] (C.6)

This global transfer matrix is also reciprocal if the individual transfer
matrices are reciprocal since

det[T, ] =det[T, |det[T,]...det[ T, | =1. (C.7)

As a simple example of a linear, reciprocal two port system, consider the
RC-circuit example used in Appendix B with the voltage source removed
to form the two port system shown in Fig. C.6. To determine the transfer
matrix for this circuit, consider first the voltage across the resistance and
the current flowing through it. We have

V,~V, =RI,. (C.8)

Also, considering the voltage across the capacitor and the current flowing
through it (which is I, — 1, flowing downwards) we find

_11 _Iz

V. .
> —iwC

(C.9)

Equation (C.9) can be written directly in transfer matrix form (inputs in
terms of outputs) as

I =—ioCV, +1,. (C.10)
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— V, (1)

(b)

Fig. C.7. (a) An RC-circuit with a voltage source at the input and open-circuit
conditions at the output, and (b) the representation of this terminated system as a
single input-single output system.

If we now place Eq. (C.10) into Eq. (C.8), the resulting equation can also
be placed in transfer matrix form as

V,=(1-ioRC)V, +RI,. (C.11
From Egs. (C.10) and (C.11) the transfer matrix follows directly, giving
|4 (I-iwRC) R ||V,
= ) . (C.12)
I, —ioC 1|1,
Equation (C.12) shows that det[T] =1is indeed satisfied for this system so

that it is reciprocal. Using Eq. (C.5) we can also obtain the impedance
matrix directly for this two port system, where

V1| _|(ioRC-1)/ioC -1/iwC || I,
= . . » (C.13)
v, -1/iC -1/ioC || -1,

and obviously we also have Z;, =Z,.
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i(t) —» LTI —» o)

Fig. C.8. A general linear time-shift invariant (LTI) system.

C.2 Linear Time-Shift Invariant (LTI) Systems

If we have a two port linear system that is terminated in some fashion at
both its ports, then this two port system reduces to a system where single
inputs and outputs can be linearly related to each other [C.2], [C.3], [C.4].
As an example, consider again the RC-circuit two port system of Fig. C.6.

If we attach a voltage source V, (t) at its input port and leave the output
port open-circuited (Fig. C.7 (a)), we have a linear system where we can
relate the open-circuit voltage, Vo(t) , to the input voltage, K(t) This

type of single input-single output system can be represented schematically
as shown in Fig. C.7 (b). For this simple system it is easy to see that

V()= (0)=i(0)R
av, (C.14)
dt

i(1)=C

Eliminating the current between the two equations in Eq. (C.14), we see
that V is related implicitly to ¥, through the solution of the differential

equation given by

v (1) V(1) _Vi(1) (C.15)
dt RC RC’

We can write this relation symbolically as
v, (t)=L]V,(1)], (C.16)

where L[ ] is a linear operator since the underlying RC-circuit is linear.

An important class of linear single input, single output systems is
called a linear time-shift invariant (LTI) system, as shown schematically in
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X)—» LTI — g(?)

(a)

() —» LTI —» o()

(b)

Fig. C.9. (a) An LTI system driven by a delta function input, and (b) driven by a
general input.

Fig. C.8. for a general input, i (t) , and output, o(t) . An LTI system is defined
as a linear system where a time shift of the input signal produces exactly
the same time shift of the output signal. These properties can be stated
mathematically as follows:

Linearity:

ol(t)zL[il(t)] o(t)zL[alil(t)+a2i2 (t):l

If then (C.17)

0,(t)=L[i,(t)] =a,L]i,(t)]+a,Li,(1)]

Time-Shift Invariance:

It o(t)=L[i(r)] then o(t—t,)=L[i(t-1,)] (C.18)

It is clear that The RC-circuit example just considered is an LTI system.
We expect that elements of an ultrasonic NDE system in general may also
be modeled as LTI systems. LTI systems have the important property that
they can be characterized completely by their response to a delta function
input, & (t) This delta function response is called the impulse response
function, g(t), of the system, and the Fourier transform of this impulse
response, G(f), we will call the transfer function of the LTI system.
Figure C.9 (a) shows an LTI system being driven by a delta function input,
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i(7)

Fig. C.10. Representing a general input function as a superposition of delta
function inputs.

1(f) = G(f) PP G.(f) oo G (/) P> O(f)

Fig. C.11. A series of LTI systems.

while Fig. C.9 (b) shows the same system under a general input. It can be
shown that the output, o(¢), of an LTI system to a general input, i(¢), is
given in terms of a convolution integral of that input with the impulse
response function, g(?), i.e.

o0 (C.19)
= g(r)i(t—r)dr.

Equation (C.19) follows directly from the properties of an LTI system
since we can take a general input function and consider it as a super-
position of small rectangular elements as shown in Fig. C.10. A general
rectangular element at time 7 of width Azand amplitude i(7) is shown in
that figure. This element, however, acts like a shifted delta function
(located at # = 7) a with strength (area) i(7)A7. Thus, from the linearity
and time shift invariance properties of the system, we have that the output,
Ao, from this rectangular element is given by Ao(r)=zi(r)Arg(r—7)
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and so by superposition over all elements, we have the total output, o(?),
due to the total input given by

o(t) = Zi(r)ATg(t - T)
o (C.20)

= I i(z)g(t—7)dr.

The convolution integral of Eq. (C.19) is a fundamental relationship for
LTI systems. If we take the Fourier transform of this relationship we obtain
an even simpler result since, if we define the following Fourier transforms
of the input, output, and impulse response functions, respectively:

~+00

1(f)= [i(t)exp(2xift)at
O(f)= [ o(t)exp(2rift)dt (C21)

G(f)= [ g(t)exp(2xift)at
and if the output and input are related through the convolution integral of
Eq. (C.19), then it is easy to show that their Fourier transforms are related
through [Fundamentals]

O(f)=G(f)I(f). (C.22)

i.e. convolution in the frequency domain is just obtained by complex-
valued multiplication. In a similar fashion, deconvolution in the frequency
domain is in principle accomplished by complex-valued division. For
example, we can write

(C.23)

In practice, however, such division must be done with care since noise
may contaminate both the numerator and denominator and make the ratio
unreliable. Often filters are used to desensitize the deconvolution process
to such errors. A Wiener filter is a particular filter commonly used for
deconvolution purposes in ultrasonic NDE. With that filter, Eq. (C.23) is
replaced by
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Fig. C.12. An ultrasonic flaw measurement system.

5

oNr)
1(f) + & max {1 ()f |

G(/)= (C.24)

where ( )* denotes the complex conjugate and ¢ is a small constant that is
. . 2) .
used to represent the noise level present. The quantity max |I (f )| } is a

constant. It is the maximum value of the magnitude squared of the values
of 1 ( f ) present. In this form & gives a measure of the noise as a fraction of
the size of the signals present. Generally, small values such as £ =0.01to
0.05 work well for many ultrasonic problems. When ¢ — 0, Eq. (C.24)
reduces to Eq. (C.23). Code listing C.1 gives a MATLAB function for
implementing the Wiener filter of Eq. (C.24).The use of transfer functions
such as G( f )is very convenient, particularly when we have a series of
connected LTI systems as shown in Fig. C.11 since the input and output of

the entire system can be related through simply a product of the transfer
functions of each subsystem, i.e.

O(f)=G, ()G, (f) Gy (S)I(f)- (C.25)

In the time domain, the relationship equivalent to Eq. (C.25) would be a
series of nested convolution integrals. By working in the frequency domain
we can avoid having to deal with multiple integrations and instead we need
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Code Listing C.1. A MATLAB function for the generation of a Wiener filter.

function Y = Wiener _filter( O, I, ¢)

% WIENER FILTER provides a 1-D filter for desensitizing
% division in the frequency domain (deconvolution) to noise.
% The filter takes a sampled output spectrum ,0, and an

% input spectrum, I, and computes Y = O*conj(I)/(JI|"2 + e*2*M"2)
% where M is the maximum value of |I| and conj(I) is the

% complex conjugate of I. The constant e is generally taken as
% a constant to represent the noise level. Small values of e

% such as e = 0.01 often work well for ultrasonic systems.
%The calling sequence is:

%Y = Wiener _filter(O,L,e);

%

M = max(abs(I));

Y = O.*conj(I)./((abs(1))."2 + e"2*M"2);

only a series of complex multiplications to obtain O( f ) from the input.

The time domain output, o(t) , can then be obtained by an inverse Fourier
transform.

As an example of such a cascade of LTI systems, consider an
ultrasonic pitch-catch flaw measurement system, as shown in Fig. C.12.
Let V, ( f ) be the frequency components of the Thévenin equivalent input
voltage of the pulser. This input then travels through the sending cable and
drives the sending transducer which outputs a mechanical force, F, ( f ) at
its acoustic port. This force launches a wave into the specimen which then
interacts with a flaw and in turn produces a driving force, F, ( f ) , on the
receiving transducer. This driving force is converted into electrical energy
which is transmitted by the receiving cable back to the receiver, where it is
amplified and output as the received flaw signal,V, ( f ) If we treat this
entire measurement system as a series of LTI systems, then we can write:

RANIARYAG
s R oY) (C.26)
=1, (), (1)1 (S (),

K
v,
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where 7, (f) is the transfer function for the sound generation process
(containing properties of the pulser, cabling, and sending transducer),
tr ( f ) is the transfer function for the sound reception process (containing
properties of the receiving transducer, cabling, and receiver), and ¢, ( f ) is
the transfer function describing the acoustic/elastic processes (wave
propagation to the flaw, scattering from the flaw, and propagation from the
flaw to the receiving transducer). We will see that it is possible to model
and/or measure all of these transfer functions so that through Eq. (C.26)
we have an ultrasonic measurement model of our entire ultrasonic system.
The challenge, of course, is to obtain explicit expressions for the transfer
functions in Eq. (C.26). Much of this book is devoted to just that task.

C.3 References

C.1 Pozar DM (1998) Microwave engineering, 2™ ed. John Wiley and Sons,
New York, NY
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C.4 Exercises

1. Consider a two port electrical system where

{Vl(w)Hm 'Ez} {Vz(w)}
L(o)] T T,](L()
We wish to measure the transfer matrix components (as a function of

frequency). This is easy to do if we first measure the inputs and outputs
under open-circuit conditions at the output port since /, = 0. Thus, if we let

the voltages and currents be (Vl"c,ll"c ) and (V;“,I;’“ = 0) we have

T VIOE [106

1= o221~ o
v, v,
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V(t)
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Fig. C.13. A measurement setup for obtaining the transfer matrix components of a
two port system using different output terminations.

Similarly, if under short- circuit conditions at the output port (¥, =0) we
measure the voltages and currents (Vl“'C,IfC ) , (V;’“ = 0,1‘2“) we have

sc sc
4 U

= sc 2722 = sc *
IZ 12

T,

12

Now, perform these “measurements” in MATLAB for an unknown two
port system, two_portX, which is written in terms of a MATLAB function
which has the calling sequence:

>>[v1, i1, vt, it] = two_portX( V, dt, R, 'term");

The input arguments of two_portX are as follows. V is a sampled voltage
source versus time, where the sampling interval is dt. R is an external
resistance (in ohms). This source and resistance are connected in series to
one end of the two port system as shown in Fig. C.13. The other end of the
system can be either open-circuited or short-circuited. The string 'term'
specifies the termination conditions. It can be either 'oc' for open-circuit or
's¢' for short-circuit. The function two_portX then returns the “measured”
sampled voltages and currents versus time: v1, il, vt, it (Note: for open-
circuit conditions the function returns it = 0 and for short-circuit conditions
vt =0).

As a voltage source to supply the V input to two_portX use the
MATLAB function pulserVT. For a set of sampled times this function
returns a sampled voltage output that is typical of a “spike” pulser. Make a
vector, t, of 512 sampled times ranging from 0 to 5 psec, and call the
pulserVT function with the following call sequence:
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>> \/ = pulserVT(200, 0.05, 0.2, 12, t);

For the resistance, take R = 200 ohms. Using Eq. (C.14), determine the
four transfer matrix components and plot their magnitude and phase from
zero to approximately 30 MHz. Note that the outputs of two portX are all
time domain signals but the quantities we wish to measure are all in the
frequency domain.

2. It is not physically possible to generate a delta function as the input of
an LTI system to obtain its impulse response. However, it is possible to
obtain the transfer function of an LTI system by deconvolution of a
measured output with a known input as shown in Eq. (C.23). Consider a
MATLAB function LTI X that represents a “black box” LTI system. It
can be evaluated in the form

>> 0 =LTI_X(l, dt)

Where I is a sampled time domain input (with sampling interval dt) and O
is the time domain output. Use as an input for this LTI system the voltage
output of the pulserVT function of problem 1 and obtain the transfer
function of this system as a function of frequency by deconvolution. Plot
the magnitude and phase (in degrees) of this transfer function from zero to
approximately 30 MHz. To obtain the impulse response function from this
transfer function we would have to compute its inverse Fourier transform.
Is that possible with this function?

3. Consider an LTI system which has as its transfer function
cos(zf/40) 0< f<20MHz
G(f)= _ :
0 otherwise
Also, consider an input spectrum to this system given by
1-£/20 0< f<20MHz
I(f)= { .
0
We expect the output of this system will then have the spectrum
O(f)=G(N)(S)-

However, if we add noise to these functions then given O and / it may not
be possible to reliably obtain G by simple division and we must use some
filter instead such as the Wiener filter. The MATLAB function noisy will

otherwise
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generate noisy sampled versions of both the O and 7 given previously over
a range 0-40 MHz. The function call is:

>> [0, 1] = noisy( ) ;

Plot both O and [ from 0 to 40 MHz to verify those functions are correct
(the noise you will see is very small) and then attempt to obtain G by direct
division, i.e. compute

and plot your results 0-40 MHz. Then use a Wiener filter instead to find G
and plot your results. Take € = 0.01. Are the results sensitive to €? Is there
any other way (besides using the Wiener filter) that you can get the “right”
answer?
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D.1 Waves in a Fluid

In immersion testing the waves are generated by a transducer radiating
sound into a fluid. Sound propagation in the fluid can be modeled by
considering the fluid to be an ideal (viscous-free) compressible fluid. In
this case, an element of the fluid only has pressures (compressive normal
stresses) acting on its surfaces. If a wave in the fluid generates pressure
changes in the x;-direction, as shown in Fig. D.1, then we can relate those
changes to the motion of the fluid by simply applying Newton’s third law
to a small element as shown in Fig. D.1 [Fundamentals], [D.1]. We find
from

D F. =ma, (D.1a)

that

2
pdx,dx, — ( p+ S—pafxl Ja’xzdx3 + fidx,dx,dx, = pdx,dx,dx, %, (D.1b)

X

which gives the equation of motion of the fluid in the x;-direction as

op o’u,
-+ — R
Ox, h=rp or’

(D.1¢)

where p is the pressure, pis the density of the fluid, u, is the displacement
in the x, -direction and f, is the body force (force/unit volume) acting on
the fluid. Similarly, if we consider the pressure changes in the x,,x,
directions we find the equations of motion:
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p p+a—pd’ﬂ

A
e

Fig. D.1. The pressures and body force acting on an element of an ideal,
compressible fluid. Only the pressure changes in the xj-direction are shown
explicitly.

op o’u
o, TP
? ) (D.2)
_a_p+f = a Uy
x, 7’ P

These three equations of motion of the fluid can also be written in vector
form as
o’u ov
P PoE =P (D.3)
where v=0u/0t is the velocity of the fluid. If we assume that the fluid is
an ideal compressible fluid, then the pressure is related to the relative
volume changes, dV /V , occurring in the fluid through the constitutive
equation
dv
=—A—, D.4
P V (D4)
where A is the bulk modulus of the fluid. For water, for example, the bulk
modulus is approximately 2 GPa. These relative volume changes can be
written in terms of the displacements, so we also have
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f(t—x, f'c) §(£+x,/c)

ya i

xl
Fig. D.2. 1-D waves traveling in a fluid.
Ou, Ou, Ou
=—AViu=-A| —L+—2+2| D.5
P [ ox, Ox, Ox, D-5)

To place this constitutive equation in the equations of motion, we first take

the divergence (V- ) of Eq. (D.3) which gives

&*(V-u)

ot’

where f,=-V-fand V’=0’/0x' +0°/0x; +0°/0x; is the Laplacian

operator. We then can place Eq. (D.5) into Eq. (D.6) to obtain the

inhomogeneous wave equation for the pressure given by

_1%p
c ot

~Vip-f,=p (D.6)

2

Vip =—f,, (D.7)
where ¢=./A/p is the wave speed of compressional waves (also called

P-waves) in the fluid. For water, for example, ¢ = 1480 m/sec,
approximately. In NDE tests the ultrasonic waves that are generated are
freely traveling so that they must satisfy the homogeneous wave equation,
i.e. where f, =0.

D.2 Plane Waves in a Fluid

If we consider 1-D disturbances of the fluid where p = p(x;,¢), then these
disturbances must satisfy the 1-D homogeneous wave equation:
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t—x, /¢ = constant

Fig. D.3. A plane wave traveling along the x,-direction.

Fig. D.4. A plane wave traveling in a general direction, n, in three dimensions.

’p 10p_
oxt o

0, (D.8)

which has general solutions of the form p=f(t—x/c)+g(t+x/c).
The / function represents a wave traveling in the plus x,-direction while
the ¢ function represents a wave traveling in the negative x,-direction, as
shown in Fig. D.2. Consider the pressure wave p=f(t-x/c). The
pressure in this 1-D wave is constant on the moving plane ¢ —x, / ¢ = constant ,
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so this is a plane wave traveling in the fluid (see Fig. D.3). Now, consider
this plane wave traveling along an x| -axis which is oriented along the n

direction as shown in Fig. D.4 (n is a unit vector). Then this plane wave
can be written as

p= f(t_xl )
=f(t-x-n/c),

which is the general expression for a plane wave traveling in the n-
direction in three dimensions, where here x =(x1,x2,x3). It can be easily
verified that this 3-D plane wave satisfies the full 3-D homogeneous wave
equation for the fluid. Plane wave solutions are important types of waves
since they can be used to model many of the wave propagation and wave
interaction problems we encounter in ultrasonic NDE. An important
special type of plane wave solution is a harmonic plane wave. For
example, we can write a 1-D harmonic wave of frequency f (measured in
Hz = cycles/sec) traveling in the x-direction as

(D.9)

p=F(f)exp[2m'f(x/c—t)]. (D.10)

As discussed in Appendix A, such harmonic wave solutions can be used to
synthesize an arbitrary traveling plane wave since we have the Fourier
transform relationship

t x/c IF exp[27rif(x/c—t)]df, (D.11)

where F ( f )is the Fourier transform of the function f (t) . Thus, there is
no loss in generality in considering harmonic plane wave solutions. We
can write such 1-D harmonic plane waves in a number of forms. For
example, we have

F(f)exp[2m'f(ix/c—t)]

F(f)exp[ik(ix—ct)]

F(f)exp{%(ix—ct)}
(

= F(o)exp|io(+x/c—1)],

(D.12)
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where w=27xf is the circular frequency (in rad/sec), k = w/c is the wave
number (in rad/length) and A =2z/k=c/ f is the wave length (in length/
cycle). The plus sign is for plane waves traveling in the positive x-direction
and the minus sign is for waves traveling in the negative x-direction. A
harmonic plane wave traveling in the plus n-direction in three dimensions
can also be written in a number of forms. The most commonly used forms
seen in the literature are

F(@)exp(ikn-x —iot)

F(@)exp(ik-x—iat), (D-13)

where k =k nis a vector wave number.

Note, however, in all our forms we have used the time dependent
factor exp(—iwr). Other authors may assume a factor exp(-+iwr)or
exp(+ ja)t)instead i=j =J-1 ) . In that case, we must also change the
signs appropriately on the spatial terms as well. For example,
F(f )exp[Zm’f (—x/ c+t)):| represents a plane wave traveling in the
positive x-direction.

Also note that the last form in Eq. (D.13) can alternatively be
written as

F(a))exp[i(kxx+kyy+kzz—a)t)]. (D.14)

But we must have k; +k; +k =k> =’ /c* for Eq. (D.14) to represent a
plane wave solution of the wave equation so we must have

k,=+Jk’ -k —kf, where the plus sign would represent a plane wave
traveling in three dimensions in the positive z-direction while the minus

sign would give a wave traveling in the negative z-direction. In Chapter 8
these forms arise when we discuss the use of plane waves to synthesize the
wave field of an ultrasonic transducer.

D.3 Waves in an Isotropic Elastic Solid

The equations of motion for waves in an isotropic elastic solid can be
obtained in the same manner as for the fluid. They are [Fundamentals],
[D.1-D.3]:
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az'j. ou.
- = ’ 1 =1,2,3),
2o P mL23) (D.15)

3
Jj=1

where 7, are the stresses, u; the displacement components in the x, -direct-
ions, and p is the density of the solid. The constitutive equations for an
isotropic elastic solid are more complicated than that of a fluid. They are
given by generalized Hooke's law:

7 =/1A+2,u% lez,u(%+%j

X, ox, Ox
Ou Ou, Ou
T, =AN+2u—= T, =l —+—
2 H o, 13 ﬂ(a)% ox j (D.16)

ou ou, Ou
T = AN+ 20— Ty, = | —>+—
33 H ox, n=H ( ox, | o, J

where A, ¢ are the Lame’ constants. For an isotropic elastic solid there are
only two independent material constants. Some authors instead may use as
the independent constants E,v, where E is Young’s modulus and v is
Poisson’s ratio. In terms of these constants the Lame’ constants are given

by

Ev
(1+v)(1-2v)
_£
2(1+v)

(D.17)
/Ll:

If one places the constitutive equations into the equations of motion we
obtain Navier’s equations for the displacements. In vector form we have
) ou
Hv u+(/1+,u)V(V-u)— ?zo, (D.18)
t
where u is the displacement vector. This vector will be written in terms of
its scalar components as u = (u,,u,,u; ) = (ux,uy,uz ) .
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compressional
(P) waves
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shear
(S) waves n
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Fig. D.5. The displacements for P-waves and S-waves traveling in the n-direction
in an isotropic elastic solid.

D.4 Plane Waves in an Isotropic Elastic Solid

Navier’s equations are not wave equations, but they do have plane wave
solutions. However, unlike the fluid case, there are actually two types of
plane waves possible in an isotropic, elastic solid. They are called plane
P-waves and plane S-waves. The P-waves are also referred to as pressure,
compressional, primary, longitudinal (L), dilatational, or irrotational
waves. Similarly, S-waves are also called shear, secondary, transverse (T),
distortional, equivoluminal, or rotational waves. Both of these waves are
bulk waves since they travel throughout the volume of a solid. A bulk
P-wave is by far the most commonly used type of wave in NDE testing. If

one places a plane wave solution of the form u=Un f (t—x-n/ cp)in
Navier’s equation (see Fig. D.5), that equation will be satisfied if
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A+2 E(1-v)
c,= | pﬂz\/(1+v)(1—2v)p' (D.19)

If we instead assume a plane wave solution that has the form u=Ud x
ng(t—x-n/c ), where d is an arbitrary unit vector (see Fig. D.5(b)), in
order to satisfy Navier’s equations we find

_H_ | E
c, = p \2(1+0)p (D.20)

The quantities c,,c, are just the wave speeds for plane bulk P-waves and
S-waves, respectively. For a structural material such as steel, for example,
the P-wave speed is approximately 5900 m/sec while the S-wave speed is
about 3200 m/sec, both of which are considerably larger than the wave
speed for water (see Table D.1 for wave speeds and other properties of
some selected materials). From Eqgs. (D.19) and (D.20) we can see that the
ratio of these wave speeds is just a function of Poisson’s ratio, i.e.

& 202v) (D.21)
c (1-2v)’ '

s

which for many structural materials gives a ratio of about two to one.

Table D.1. Acoustic properties of some common materials.

Material P-wave S-wave Density Impedance
speed speed [kgm/m’x10°]  (P-wave)
[m/sx 10°]  [m/sx10°] [kgm/(m*-s) x 10°]
Air 0.33 -- 0.0012 0.0004
Aluminum 6.42 3.04 2.70 17.33
Brass 4.70 2.10 8.64 40.60
Copper 5.01 2.27 8.93 44.60
Glass 5.64 3.28 2.24 13.10
Lucite 2.70 1.10 1.15 3.10
Nickel 5.60 3.00 8.84 49.50
Steel, mild 5.90 3.20 7.90 46.00
Titanium 6.10 3.10 4.48 27.30
Tungsten 5.20 2.90 19.40 101.00

Water 1.48 - 1.00 1.48
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Fig. D.6. The polarizations of (a) P-waves, and (b) vertically polarized (SV) shear
waves and horizontally polarized (SH) waves.

As shown in Fig. D.5 (a), the direction of the displacement in the
P-wave is along the direction of propagation, n, while for an S-wave
(Fig. D.5 (b)), the displacement lies in the plane of the wave front, i.e.
perpendicular to n. Thus, P-waves are said to have longitudinal polari-
zations while S-wave are said to have transverse polarizations. Figure D.6
shows the polarizations for P-waves and S-waves and also shows that if
the polarization (direction of motion) of the plane shear wave lies in a
vertical plane, it is called an SV-wave (vertically-polarized shear), while
if the polarization lies in a horizontal plane it is called an SH-wave
(horizontally-polarized shear). In general, an S-wave may have both vertical
and horizontal polarizations combined.

To solve wave propagation problems in elastic solids, many
authors represent the displacement in terms of potential functions in the
form

u=Vg+Vxy, (D.22)

where ¢ is a scalar potential and y = (l//l,l/lz W ) = (l//x,l//y,l//z ) is a vector

potential. The advantage of using such potentials is that in order to satisfy
Navier’s equations the potentials must satisfy the ordinary wave equations:
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v2¢—i2
’1’ (D.23)

_¢
or’
'y

2

e’ 8:2 -

s

Equation (D.23) shows that the scalar potential, ¢, represents P-waves
while the vector potential, y , represents S-waves. In solving wave problems
with potentials if the disturbance is two-dimensional where the displace-
ments (ux,u y) are the only non-zero displacements and they only depend
on the x- and y-coordinates, only two potentials are needed:

¢=¢(xsyat)

(D.24)
v.=y(xp.t),p, =y, =0
and the displacements are given by
ux = % + a_l//
ox Oy
Y 00 v (D.25)
Yoy ox
u, =0.
In this case the stresses are also given by
B 2 2
t.=u| KVip+2 v %
’ i oxoy oy’
B 2
S e 2[6:# aﬂ
i i oxdy @ (D.26)
B 2 2 2
T, =42 A +6z/2/_81/2/
| Ox0y 0oy° Ox

T, =v[zjW +Tyy], 7.=7,=0
where Kk =c,/c,.

For a harmonic plane P-wave traveling in the positive x-direction,
as shown in Fig. D.7 (a), we can express the wave either in terms of its
potential, ¢ , displacement, u_, velocity, v_or stress, 7
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Fig. D.7. The displacement, velocity and stress (a) for a plane P-wave, and (b) for
a plane S-wave, both traveling in the x-direction.

p=0 exp(ikpx - ia)t)
u, =U, exp(ikpx - ia)t)
(D.27)
v =V exp(ikpx - ia)t)
r. =T, exp(ikpx - ia)t)
where k, =@/c, is the wave number for P-waves and the amplitudes are
all related:

U, =ik,®
V. =—iaU, (D.28)
Txx = _pcp I/x

For a harmonic plane S-wave we can also use the potential, y , displace-
ment, u_, velocity, v, or stress, 7, to describe the wave and we have
instead (Fig. D.7 (b)):
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v =Yt exp(iksx - ia)t)

u=U sexp(ik,x—iot)
. . (D.29)
v =V sexp(ikx—iot)

t,, =T, exp(ik,x—iot)

where t is an arbitrary unit vector, e_ is a unit vector in the x-direction,
s=(e, xt)/ |ex ><t| is a unit vector in the plane of the wave front, and
k, = w/c,is the wave number for shear waves. In this case the amplitude
relations are

U, =ik¥
V,=-ioU, (D.30)
Tm‘ = _p CSK

To obtain these relations in the P-wave case we have used the fact that u_
is the only non-zero displacement component in the wave and the only
corresponding velocity component is v _=0u /0t. In this case the
constitutive equation for the solid (generalized Hooke’s law) gives

%_ E(l—V) aux

me = ) = i) o

(D.31)
2 Ou,

Pox

Similarly, in the S-wave case we have used the fact that the only non-zero
displacement component in the wave is u,, the displacement in the
s-direction, and so the only corresponding velocity component is also
v, =0u, /0t . In this case the constitutive equation gives

Ou,
Oox

:pc

sz = /l
(D.32)
= pc_s e
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Fig. D.8. A plane P-wave incident on a planar interface between two solids.

D.5 Reflection/Refraction of Plane Waves — Normal
Incidence

As a simple but important example of the use of these plane wave relations,
consider the reflection and transmission of a plane harmonic P-wave that
strikes a planar interface between two solids at normal incidence as shown
in Fig. D.8. The density and compressional wave speed in solids one and
two are ( o ,cpl) , and ( pz,cpz) , respectively. The displacements of the inci-

dent, reflected, and transmitted plane waves are given by
u, =U, exp(ik,x —icr)
u, =-U, exp(—ikx —iot) (D.33)
u, =U, exp(ik,x —ior)

where k, =w/c, .k, =w/c,,. We have taken the reflected wave expression
with a minus sign so that U, represents the amplitude of a plane wave
traveling in the —x-direction with polarization vector in the direction of
propagation, i.e. the vector displacement of the reflected wave would be
given by u=U.e, exp(ik]e,, -X—iot) where e, =—e , x=xe . At the
interface x = 0 the displacement u_and the stress 7 = pc; Ou,/0Ox must
be continuous so we find
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Fig. D.9. The reflection coefficient (solid line) and transmission coefficient (dashed
line) versus the impedance ratio z /z; .

Continuity of displacement: U,-U, =U, (D.34)

Continuity of stress: peUs+pic, U, =pye U, (D.35)
Solving Egs. (D.34) and (D.35) simultaneously we find

T =ﬂ=ﬂ

' U, PiCo1 T PC,0
(D.36)

R = U, _ P2Cpr — PiC

U PiCp1 T P2C)

where (7,,R, ) are the plane wave transmission and reflection coefficients
(based on ratios of displacements). From Eq. (D.36) it follows that these
reflection and transmission coefficients are dependent only on the specific
acoustic impedances z;' = pc,,,z, = p,c,, . Figure D.9 plots the behavior

of these coefficients versus z;/z; .
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The limit z/z; — oo would correspond to the reflection from a
free surface. In that case we see R — —1 so that the total displacement
U,-U, at the interface in the first medium would be double that of the
incident wave. The other limit where z'/z; — 0 would correspond to the
wave incident on a very rigid boundary. In that case R —1 so the total
displacement at the interface in the first medium would be zero. For the
special case where the acoustic impedances of the two solids are matched
(z'/z3 =1), we see that R=0,7 =1 so that there is no reflected wave and
the incident wave passes through the interface with its amplitude unchanged.

These same reflection and transmission coefficients could be used
for the reflection of a plane S-wave at normal incidence to a solid-solid
interface if we simply replace the compressional wave speeds by the
corresponding shear wave speeds, i.e.

T zﬂz 2pc,
YU pegtpicg, (D.37)
r Y _Plo=ply '

u
U, pegy+psc,

The coefficients could also be used for a fluid-fluid or fluid-solid interface
(as encountered in immersion testing) by appropriately replacing the
densities and wave speeds in Eq. (D.36) or Eq. (D.37). However, note that
these coefficients are based on displacement ratios and if we want to use
the ratios of other quantities we may have to make appropriate adjustments.
To use velocity ratios, for example, we do not need to make any changes
since

R :E: —ioU, _ U, “R

V. —ioU, U,

p_Vo_-ioU, U, _.

YV —ieU, U,

1

(D.38)

Equations (D.31) and (D.32) show that 7= pc®du/dx is valid for either
plane P-waves or S-waves in a solid if we use the appropriate 7, ¢ and u in
this relationship. Similarly, for a fluid we have p = —pc’du/ox . As mentioned
previously, we combined these relations with the relationship between
displacement and velocity, v=0u/0t to obtain the various plane wave
amplitude relationships given by Egs. (D.28) and (D.29). For a plane wave
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traveling in the + x-direction with a stress amplitude, 7, and velocity
amplitude, V, we found T'=—pcV . For a pressure amplitude, P, we found
P = pcV . Obviously, we can use these relations for the incident and trans-
mitted waves since they are both traveling in the + x-direction. However,
because we placed the minus sign on the reflected wave in Eq. (D.33), we
can also use these same relations for the reflected wave as well. Thus, if
we define, for example, reflection and transmission coefficients based on
stress ratios we would find (also using Eq. (D.38))

_ _plcprr R = ParCpr — PiCp
’ _plcpri ! PiCy T 0,C,
_ —PsC,0V, _ Pl T = 2p,c,,

u

=P,V picy PiCp1 T P2C)

R

(D.39)
T

T

which are also valid for reflection and transmission coefficients based on
pressure ratios since there are then changes of signs in the coefficients
shown in Eq. (D.39) in both the numerator and denominator that cancel. In
the SI system the units of specific acoustic impedance are kgm/(m’-sec).
This set of units is also called a Rayl, i.e. 1 Rayl = 1 kgm/(m*-sec).

For water we have z* =1.5x10° kgm/(m” —sec) = 1.5 MRayls and
for steel z* =46.0x10° kgm/(m® —sec) = 46 MRayls, so that for a plane
wave traveling in water at normal incidence to a water-steel interface R,
=-0.937, T, = 0.06. Because of this high impedance mismatch, we see that
in immersion testing most of an ultrasonic beam will be reflected back into
the water at normal incidence.

D.6 Reflection/Refraction of Plane Waves — Oblique
Incidence

When plane waves are incident on a plane interface at oblique incidence,
there are additional aspects of the interactions that one does not see with
the normal incidence case. Consider, for example, the simple problem of a
plane wave at oblique incidence to a plane interface between two fluids, as
shown in Fig. D.10, where p,,c,, are the density and compressional wave
speed of medium 1 and p,,c,, are the corresponding density and wave

speed for medium 2. Although this problem does not correspond to one
we would likely see in NDE testing, most of the physics involved in more
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Fig. D.10. A plane wave incident on an interface between two fluids.

complicated plane wave interactions at fluid-solid and solid-solid interfaces
are the same as in this problem [Fundamentals]. Here, the total pressure,

P, » due the incident and reflected waves in medium 1 and the total pressure,
P, , due to the transmitted waves in medium 2 are given by

p, =Pexp [ikp] (xsiné, + ycosH,)— ia)t]
+P exp[ikp1 (xsin@, — ycosé, ) - ia)t]

(D.40)
p,=F exp[ikp2 (xsiné, + ycos6,)— ia)t].
From the equations of motion we have
op .
———=—iwpv, i
P PV, (D.41)
so that the total velocity, v, in each medium is
P cos6, .
(vy )1 = &exp [ikp1 (xsin6, + ycosd,)— ia)t]
plcpl
P.cos6, .
—&exp[ikp1 (xsin6, — ycos Qr)—ia)t] (D.42)
plcpl
P, cosé .
(vy )2 = &exp[i/{p2 (xsin6, + ycos6,)— ia)t].
pZCpZ

At the interface (y = 0), the boundary conditions are
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P =D
(v,),=(%), (B4

so that we find (dividing out all common terms)

P exp(ikplxsin o, ) +P exp(ikplxsin 0, )

=P exp(ikpzxsin Hl)
P cosb, . P cos@ .
(08 ‘exp(ikplxsmﬁl.)— P COS%, exp(ikplxsmﬁr) (D.44)
PiCpi PiCpi
P coséd, .
_ £, 08 ’exp(ikﬂxst).
pZCpZ

For these boundary conditions to be satisfied for all x along the boundary
we must have the phase terms in Eq. (D.44) all match, which gives

k,sin6, =k, sin6, =k,,sind,. (D.45)
The first pair of these equations gives
6 =0 (D.46a)
while the second pair gives

sing, sind,
- = (D.46b)

C c

pl p2

Equation (D.46a) shows that the angle of incidence equals the angle of
reflection while Eq. (D.46b) is a statement of Snell’s law for the
transmitted angle in terms of the incident angle. Applying these phase
matching conditions to Eq. (D.44), we obtain

R+P=F
B cos, P cosh _ Fcosb, (D.47)
PiCpi PiCp PaCpo

These equations can be solved for the transmission and reflection coeffi-
cient (in terms of pressure) given by:
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T _B_ 2p,c,, coso,
" P pc,cos6 +p,c,,cosb,
(D.48)
R :5 _ Pl cosd, — pic,, cosb,
" P pic, €086, + pyc,, cos b,
or, equivalently, in terms of velocity ratios (using P = pcV')
T Vo 2pc, coso,
s Py €086, + pyc,, cos b,
(D.49)
R - V. _ Pl cos0, — pc,, cos b,

V. pc, 080, + pyc,, coso,

These coefficients are functions of the acoustic impedances of the two
media and the incident angle, 6,, since by Snell’s law

2

C
cosf), =4/1-sin’6, = [1-—sin’ 4, . (D.50)

rl

At normal incidence we see that these results simply reduce to those found
previously for that special case.

Equation (D.50) shows that when sin6, <c, /c,, the cosd, term
is real and both the reflection and transmission coefficients are merely real
numbers. This condition is always true when the wave speed for the
second medium is slower than that of the first medium since in that case
¢, /c,, >1.For the case when the second medium has a faster wave speed,

however, the cosine term will only be real for a range of incident angles
0<6<0,,where

0, =sin™ (cp] /cpz) (D.51)

is called the critical angle. For incident angles exceeding this critical
angle, the reflection and transmission coefficients will become complex. In
fact these coefficients will also become frequency dependent. To see this,
consider Eq. (D.40). From that equation we see that the only exponential
term affected by the critical angle is in the transmitted wave pressure term
where cosd, appears. That term is

p,=P exp[ico(xsin@, +ycosb,)/c,, —ia)t]. (D.52)
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»2

(©)

Fig. D.11. (a) The incident wave front, showing its propagation in a time At, and
its apparent wave speed ¢ =c,, /sin6, along the interface ; (b) the corresponding
reflected wave front and its apparent wave speed ¢ =c,, /sin6, along the interface;
(¢) the transmitted wave front and its apparent wave speed ¢ =c,, /sin6, along

the interface. By Snell’s law, the wave speed, ¢, along the interface is the same for
all three waves.

Beyond the critical angle we can let

2

¢
cos@, = +i\Jsin® @ —1 =+i %2sin2 6 -1 (D.53)
)

and Eq. (D.52) becomes

Cz
p, =Pexp| toy [L-sin® 6, -1 exp[ia)xsin@ /¢, —ia)t]
o (D.54)

= P exp[rwyy|exp[iox/c —iot].

2
/c
2 . . . .
where y = |%=sin’6, -1 is a real constant and ¢ =c,,/sinf, =c, /sinb,
c
prl

is the apparent wave speed along the interface of all the waves (incident,
reflected, and transmitted) as shown in Fig. D.11. From Eq. (D.54) the
transmitted pressure will be a wave traveling along the interface with wave
speed ¢ and an amplitude that varies exponentially in y. However, this
amplitude physically must decay to zero as y becomes infinitely large for
all frequencies, @, both positive and negative, so we must choose the
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A4
=

Fig. D.12. An inhomogeneous wave traveling along the interface.

positive sign in Eq. (D.54) for @ >0 and the negative sign in Eq. (D.54)
for w<0,1i.e. we must let

2
c

cos@ =isgnmyfsin’ @ —1 =isgnw CLfsin2 0.-1 (D.55)

pl

where
+1 >0 D.56
sgn = : :

8 -1 <0 ( )

With this choice then the transmitted pressure is given by

p, =P exp| —|@| yy |expliowx/c —iot]

/c2 D.57
=P exp| —|a|y, [ £-sin’ 6, -1 exp[ia)xsin@, /e, —ia)t], (B-57)
Cy

which represents an inhomogeneous wave traveling along the interface and
decaying exponentially into the second medium as shown in Fig. D.12.
Beyond the critical angle, both the transmission and reflection coefficients
are complex and frequency dependent because the cosf, appearing in
those coefficients is given by Eq. (D.55). When we consider an incident
plane pulse and use these reflection and transmission coefficients and
Fourier transforms to obtain the reflected and transmitted pulses at the
interface, the frequency dependency in these coefficients will lead to
reflected and transmitted waves that do not have the same shape as the
incident waves, a phenomenon called pulse distortion. Note that below the
critical angle, a reflected or transmitted wave pulse will have different
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Fig. D.13. A plane wave in a fluid incident on a fluid-solid interface at oblique
incidence.

amplitudes from the incident wave but will have exactly the same shape
waveform as that of the incident wave.

Although we have only considered a fluid problem here, the behavior
of plane waves at solid interfaces is very similar. Consider, for example,
the reflection and transmission of a plane wave in a fluid at a fluid-solid
interface, as would be encountered in immersion testing (Fig. D.13).The
main difference between this case and the fluid-fluid case just considered
is that the plane P-wave in the fluid generates both plane P- and SV-waves
in the solid. The generation of a wave type by a different wave type is
called mode conversion. The angles of each of the waves are given here by
generalized Snell’s law so that we have the angle of the reflected P-wave in
the fluid equal to the incident P-wave angle, as shown in Fig. D.13, and we
have

sind,, _ sind,, _ sind,, , (D.58)

Cp2 CsZ

C,
where ¢, is the compressional wave speed of the fluid and ¢ ,,c,, are the
compressional and shear wave speeds of the solid, respectively. Another
difference from the fluid-fluid problem is that in this case there can be two
critical angles. Above the first critical angle 6, =(6 )1 =sin"' (cpl / cpz)

the transmitted P-wave becomes an inhomogeneous P-wave traveling
along the interface and there is only a transmitted SV-wave, as shown in
Fig. D.14 (a). Such a critical angle will exist as long as the compressional
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Fig. D.14. (a) The case when the incident angle is greater than the first critical
angle and (b) the case when the incident angle is greater than the second critical
angle.

wave speed of the solid is larger than the compressional wave speed of the
fluid (¢, > ¢, ), which is satisfied for water and most structural materials.
Above the second critical angle 6, = (9 )2 =sin™' (cpl / cﬂ)the SV-wave

also becomes an inhomogeneous wave as shown in Fig. D.14 (b). This
critical angle will exist if the shear wave speed in the solid is larger than
the compressional wave speed of the fluid (¢, >c,,), which again is nor-
mally satisfied for water and most common structural materials.

The fluid-solid interface problem can be solved in manner similar to

the fluid-fluid problem to obtain the plane wave reflection and transmission
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Fig. D.15. The polarization directions chosen for the reflected and transmitted
waves.

coefficients. The transmission coefficients, for example, (based on velocity
ratios) are given by:

2cosHP1[1—2(sin6’ﬂ )2}

TP;P _
2 = D,C
cosf,, + 2p2 cosd, A
plcpl
. (D.59a)
srp  —4c0s6 cos0 ,sind,,
Iy = DyC
cos®,, + 2p2 cosd, A
plcpl
with
2
A= 4[&] sind,, cosd,,siné,, cosd
Cpo (D59.b)

+1-4(sind,, cosb,, )ZJ

Both transmission coefficients are given in the form 75, which denotes a
transmission from medium 1 to medium 2 of a plane wave of type a
(a =P,SV) due to an incident plane wave of type B (8 = P). The signs of
these coefficients depend on the specific choice made for the polarization
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Fig. D.16. The magnitude of the plane wave transmission coefficients at a water-
steel interface.
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Fig. D.17. The magnitude of the plane wave transmission coefficients at a water-
steel interface for incident angles below the second critical angle.
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Fig. D.18. The phase (in radians) versus incident angle of the transmission
coefficients at a water-steel interface.

directions of the transmitted P- and SV-waves. Here, the polarization
directions are chosen as shown in Fig. D.15. When the shear wave speed
c,—>0, T3"" -0 and T;}"" is the same transmission coefficient found

previously for the fluid-fluid problem (see Eq. (D.49)). Figure D.16 shows
a plot of the magnitude of these transmission coefficients versus the
incident angle for a water-steel interface. Because of the relatively large
values of these coefficients near the second critical angle, it is useful to
consider only angles below that second critical angle, which is the range of
most interest anyway since beyond the second critical angle there are no
waves transmitted into the solid. Figure D.17 shows this expanded plot.
The transmitted shear wave transmission coefficient is zero at normal
incidence (incident angle = 0) where there is no mode conversion and
increases almost linearly until near the first critical angle. The transmitted
P-wave coefficient is small at normal incidence because of the large
impedance mismatch between the water and steel and is almost constant
until near the first critical angle. For angles near the first critical angle,
both coefficients change rapidly in their magnitudes. Figure D.18 shows
the corresponding behavior of the phase of the transmission coefficients
for angles below the second critical angle. The phase of the transmitted P-
wave is zero below the first critical angle because the coefficient is real.
There is a phase jump of m radians at an incident angle of about
18.0 degrees (Fig. D.18) where the transmission coefficient changes sign.
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Fig. D.19. An angle beam transducer setup.

The phase of the transmitted SV-wave is 7 radians below the critical angle
because the transmission coefficient is real but negative, i.e. the velocity of
the transmitted wave is opposite to the assumed polarization direction
shown in Fig. D.15.

As discussed in Appendix E, in angle beam testing a P-wave
transducer is placed on a solid wedge which in turn is in contact with a
solid that is to be inspected (see Fig. D.19). In this case a thin fluid
couplant layer exists between the wedge and the underlying solid to
guarantee that there is a good acoustic coupling between the wedge and the
solid. If we neglect the thickness of the couplant layer then we can model
this setup as two elastic solids in “smooth” and direct contact with each
other where the shear stress must vanish at the wedge-solid boundary. In
this case the transmission coefficients are given by [Fundamentals]

2c0s0),,(1-2sin’ 6, )(1-2sin’ 6, )

I =
A +A, (D.60)
s _ —4sin @, cos le cos 19p2 (1 —2sin? 0, ) '
2 A +A,

where
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Fig. D.20. The plane wave transmission coefficients for a Lucite-steel interface
where p, =1.18 gm/cm’, p, =7.9 gm/cm’ ,c,; =2670 m/sec, ¢, =1120m/sec,

¢,, =5900 m/sec, ¢, =3200 m/sec.

A, =cosb,, [1 —4sin* @, cos’ 0,

ko ) (D.61a)
+4—=Lsin @, cos 6, sind, cosd,,
Ch ‘ ‘

and

C
A, = ﬂcos Hp] |:1 —4sin? 6’S2 cos’ Hsz
plcpl
(D.61Db)

2
c
S2 o1 :
+4—=sin6,, cosd,, sinG , cos sz}.

2
¢
Again, these transmission coefficients are based on velocity ratios and the
polarization directions are the same as shown in Fig. D.15. If we let the
shear wave speed in the wedge (c,, ) go to zero in these expressions, then
these transmission coefficients simply reduce to those for fluid-solid case.
The magnitudes of these coefficients are plotted versus angle of incidence
in Fig. D.20 for a Lucite (plexiglass) wedge in smooth contact with steel.
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Fig. D.21. Pulse-echo immersion testing showing the transmission and reception
of sound from a flaw along a completely reversed path through an interface.

Comparing Figs. D.17 and D.20 we see that the absolute magnitudes and
critical angles are different in the two cases because of the wave speed
differences but the overall behavior of the curves are very similar.

All the transmission and reflection coefficients discussed so far have
been based on amplitude ratios. It is also possible to define similar coeffi-
cients that use energy intensity ratios instead. It can be shown that the wave
intensity, I, which is defined as the average power flux (power/unit area) in
a harmonic pressure wave in a fluid (where the average is carried out over
one complete cycle of the wave) is given by [Fundamentals]

I = P2 = pch2
2pc, 2

, (D.62)

where pis the density of the fluid, ¢, is the compressional wave speed

and P, V are the pressure and velocity amplitudes, respectively. Similarly,
for harmonic plane waves in a solid we have for P-waves
> pc,V)
[=—& =_*%2"°, (D.63)
2pc 2

P

where 7,V are the normal stress and velocity amplitudes, respectively,

and c, is the P-wave speed. For shear waves
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Fig. D.22. (a) Transmission coefficients when going from a fluid to a solid, and
(b) the corresponding transmission coefficients for a completely reversed path
going from the solid to the fluid.
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s

, (D.64)

where T,V are shear stress and velocity amplitudes, respectively, and c,
is the shear wave speed.

In pulse-echo NDE immersion testing the same transducer is used
as both a transmitter of sound and a receiver, as shown in Fig. D.21. In an
ultrasonic flaw measurement, for example, if the waves transmitted to a
flaw involve a transmission coefficient 75" (a=P,SV')going from

medium 1 (the fluid) to medium 2 (the flawed solid), the received waves
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Fig. D.23. A spherical wave arising from a symmetrical point source in a fluid.

from the flaw will involve a transmission coefficient 7,*“ going from
medium 2 back to medium 1 along a completely reversed path, as shown.
These transmission coefficients, however, are related to each other through
Stokes’ relations [Fundamentals], which are (see Fig. D.22):

e _ PiC, cosé’p2 pp
21 - 12
PC,, c080 D.65)
TSV _ PiCp COS 0., Svip
21 - 12

PC,; €080,

D.7 Spherical Waves

A spherical wave, like a plane wave, is a special wave type that is very
useful for describing the scattering properties of flaws and for constructing
more general waves, including the waves generated from ultrasonic
transducers [Fundamentals]. First, examine a spherical wave in a fluid. If
we consider harmonic waves where the pressure, p, and velocity v, are
given by

X,1)=p(x,w)exp(—iwt

()= plxe)erp(-ion) D6
v(x,)=v(x,0)exp(—iot)

then the equation of motion for the fluid (recall Eq. (D.3)) is

Vp(x,0)=iov(x,0) (D.67)
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and the wave equation for the pressure becomes the Helmholtz equation
Vi p(x,0)+k p(x,0)=0, (D.68)

where k, =w/c,.

Consider a spherical wave in a fluid arising from a symmetrical point
source as shown in Fig. D.23. Because of the symmetry, the equations of
motion and the Helmholtz equation in spherical coordinates that describe
this spherical wave are given by

p

L _iwpy, (D.69)
or

and

-+ —p=0, (D.70)

where v, is the radial velocity. There are two solutions of Eq. (D.70)
given by

_ph . "y .
p—I’l7exp(zkpr)+Pz7exp(—zkpr), (D.71)
where B, P, are pressure amplitudes and 7, is a constant reference radius.

The first of these solutions represents a wave moving outwards from the
source while the second moves toward the source. Since the source only
generates outward-going waves we must set P, = 0. Letting B, = P we find
the pressure and velocity (using Eq. (D.69)) are

p =Pr—°exp(ikpr)
r

P 1 |explik,r _
v = pf; {1— ikpr} (r £ ) = V%Oexp(zkpr).

(D.72)

Unlike plane waves we see from Eq. (D.72) that the pressure amplitude, P,
and velocity amplitude, V, of spherical waves are not just proportional to
each other. However, at high frequencies (i.e. k,»>>1), we have approxi-
mately
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Fig. D.24. Spherical P- and S-waves from a point source in an elastic solid.

=, SPUE)
. Pr, exp(ikpr) - exp(ikpr) (D.73)
" ope, r r

so that P and ¥ do just satisfy the plane wave relation P= pc V. In many
ultrasonic NDE problems the frequencies and distances are large enough
so that this high frequency approximation is valid.

In elastic solids one can also look for point source solutions to
Navier’s equations. The details are much more complicated than the fluid
case because the sources of interest are usually not symmetric and there
can be spherically spreading P-waves and S-waves that are coupled
[Fundamentals]. However, at high frequencies, one can treat the waves
from a source in a solid as separate traveling spherical waves, as shown in
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attenuating
medium

Fig. D.25. Propagation of a plane wave in an attenuating medium.

Fig. D.24 where the polarization of the P-wave, d , is in the direction of

propagation of the wave and the polarization, d_, of the shear wave is in a

plane perpendicular to the propagation direction.

X The displacement u(x,7)=u(x,®)exp(—iwr) in the solid is then given
y

" )
u(x,a)) =UpdproM+Uvds’”oM, (D.74)

where in general U,=U (e (0,4),0),U, =U (e (0,4),0), ie. the
amplitudes are angular dependent, where 8,4 are the spherical coordinates
defining a radial unit vector, e,, pointing in the direction of propagation
as shown in Fig. D.24.

D.8 Ultrasonic Attenuation

All of the wave propagation models discussed in this Appendix have been
for ideal, lossless media. At ultrasonic frequencies, however, there are
material dependent losses that cause waves to attenuate as they propagate.
Generally, the sources of the attenuation can be very complex. In metals,
for example, attenuation can be due to scattering of the wave from the
grain structure of the solid. One can use models to describe in some detail
those scattering processes, but in most cases one can characterize the
attenuation losses in a simpler, ad hoc fashion [Fundamentals]. Consider,
for example, a plane wave traveling through an attenuating medium as
shown in Fig. D.25. The amplitude of this wave will change as it propagates
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Fig. D.26. A measurement setup for determining the attenuation of P-waves in the
solid block.

agates. We will model the effects of attenuation by an exponential factor
that contains a frequency dependent attenuation coefficient, a( f ), and
express the amplitude changes in the form

i=<—‘:xp[—oz(f)a?:|, (D.75)
A4,

where d is the distance traveled in the medium. This attenuation coefficient
is measured in Nepers/unit length (Np/l), where a Neper (Np) is a
dimensionless quantity. It is also common to express the attenuation in
terms of decibels/unit length (dB/1). To convert from Np/l to dB/l we have
the relationship

Ay =8.686 a1y, . (D.76)

The attenuation of water as a function of temperature has been measured.
At room temperature, the attenuation of water is [Fundamentals]

a,(f)=253x10"f* Np/m, (D.77)

where f'is the frequency in MHz. Equation (D.77) is convenient to use to
characterize the attenuation in the water tank of immersion studies.
However, for other materials, such as metals, the attenuation is highly
dependent on the material processing the metal has undergone so that
tabulated values are generally not available and the attenuation must be
measured. A convenient setup for making attenuation measurements is one
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of the calibration setups discussed in Chapter 5 and shown in Fig. D.26. A
planar transducer is used in a pulse-echo immersion arrangement to
measure the waves reflected at normal incidence from both the front
surface and back surface of a solid block whose P-wave attenuation is to
be determined. As shown in Chapter 7 the frequency components of the
received voltage from the front surface, V, (a)) , and the frequency compo-
nents of the voltage received from the back surface, V, (a)) , can be expressed
in the form

Vi (@)=s(o)t] (o)
V(@) =s(0)] (o)

where s(a)) is the system function of the measurement system that accounts

for all the electrical and electromechanical components (pulser/receiver,

cabling, transducer) and ¢} (w),t; (@) are the acoustic/elastic transfer

functions that account for all the wave processes, including attenuation,
between the sending and receiving transducer. If both front and back
surface measurements are done with the same components and at the same
system settings, the system function is the same for both measurements, as
indicated in Eq. (D.78).

The front surface transfer function is given in Chapter 5. We write
this transfer function as

(D.78)

t (0)=t] (w)exp [—2aw (o) Dl], (D.79)

where «, (@) is the attenuation of the water and 7/ (w)is the

acoustic/elastic transfer function for the waves in the water without
attenuation, given by (see Eq. (5.20)):

iff (®)=D,(k,a’ /12D, )R, exp(2ik,D, ). (D.80)

where R, is the plane wave reflection coefficient (Eq. (5.17)) for the fluid-
solid interface. The Dp coefficient is a diffraction correction (Eq. (5.20))
that accounts for the deviation of the waves in this setup from plane waves.
In a similar manner, we can write the acoustic/elastic transfer function for
the waves reflected from the back surface of the block as a transfer
function for ideal materials, 7.’ (a)) , multiplied by an attenuation term to
account for the attenuation of the waves in both the water and the solid
[Fundamentals]:
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" (a)) =i (a)) exp[—2aw (a))D1 -2a, (a))Dz] (D.81)
with a loss free transfer function given by

i (w) = Dp (kpla2 /25)712Rlez1 exp(zikplDl +2ik,,,D, ), (D.82)

where «,, (@) is the attenuation coefficient for P-waves in the solid, R,, is
the reflection coefficient from the back face (solid-fluid interface) of the
block, 7;, is the plane wave transmission coefficient at normal incidence
(based on a pressure ratio) in going from the fluid to the solid, and 7,, is
the corresponding transmission coefficient in going from the solid to the

fluid. The distance, D, is given by

— €
D=D +—D, (D.83)

C,
and c,,c,, are the P-wave speeds of the fluid and the solid. It follows

from Egs. (D.78), (D.79) and (D.81) that

V()| |
%V:YEZH:%;fEZ;IeXp[za‘”(w)Dz] (D.84)
or, equivalently
_[V(@)||7f (@)
exp 20 (0P - V(o) (o) (D.85)

By measuring the received voltages for the front and back surface
reflections from the block and using the known acoustic/elastic transfer
functions in Eq. (D.85), one can solve for the attenuation coefficient as a
function of frequency. Notice that the attenuation of the water is not
needed as the water attenuation term is the same for both the front and
back surface responses. So it cancels out in Eq. (D.85). Similarly, one does
not need the system function since it also cancels out. Normally, the
attenuation coefficient is fitted to a simple polynomial function (in
frequency) over the bandwidth of the measurement. If the attenuation is
needed over a wider range of frequencies, measurements with other
transducers are needed. The setup of Fig. D.26 is suitable for measuring
the attenuation of P-waves in the solid. However, in order to determine the
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Fig. D.27. A plane P-wave incident on a rough interface.

attenuation of S-waves in the solid would require a different setup involving
shear-wave transducers.

Introducing attenuation in this ad-hoc manner works well in describ-
ing attenuation effects when the attenuation is not too severe. For highly
attenuating materials, however, the wave speed as well as the amplitude of
the waves is affected by the attenuation, leading to material dispersion effects
where this simple method of characterizing the attenuation is inadequate.
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D.10 Exercises

1. Consider the case where a solid is split along a rough planar interface
which lies in the plane x = 0 as shown in Fig. D.27. The two parts of the
solid are in contact over some places on the interface and are not in contact
at other places. Where the two sides touch the stress 7, is continuous, and
where the sides do not touch 7 =0 (on both sides) so again the stress is
continuous. Where the sides touch the displacement u_ is continuous but
where the sides do not touch there can be a displacement of one side
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Fig. D.28. A measurement setup for ultrasonically examining a partially closed
crack. Note that the crack extends across the entire width of the block.

relative to another. It is reasonable to expect that the amount of this
relative displacement is proportional to the stress at the interface. Thus,
under these conditions, we could expect that we might specify boundary
conditions on the interface as:

continuity of stress:
7, (x=0"t)=7,(x=0"z)
stress proportional to the relative displacement:
r(x=0,1)=x [u, (x=0"1)—u,(x=01) |

The constant x determines the relative “springiness” of the interface. The
case x,= 0 corresponds to a stress free interface (no transmission) while
Kk, = comeans that the displacement is also continuous so that we have
perfect contact and complete transmission (no reflection).

(a) Determine the reflection and transmission coefficients (based
on stress ratios) for a P-wave at normal incidence to this rough interface
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and plot the magnitude and phase of these coefficients versus frequency
from 0-20 MHz for steel with x, =150 MPa/um.

(b) The magnitude of transmission coefficient, 7, you obtain in

part (a) should be of the form, T(f)| =1/41+C*f*, where f is the
frequency and the constant C is related to x, and pc,. We could use this
transmission coefficient to try to estimate the effects of crack closure of a
rough crack as follows. Figure D.28 shows a compact tension specimen
which is used to grow a through-thickness crack from a starter notch. If the
compact tension specimen is then loaded, the sides of this rough crack will
touch at some points and not at others, so the crack surface will look like
two rough surfaces in partial contact, the same problem as shown in
Fig. D.27. Suppose we now examine this crack with a through-
transmission immersion ultrasonic experiment, as shown in Fig. D.28, and
also do a reference experiment where we move the transducers laterally so
that they are not over the crack. Let V. ( f ) be the frequency components
of the measured voltage for the case when we are over the crack, and let
V. ( f ) be the frequency components of the measured voltage for the
reference experiment, Since the only difference between two setups is the
transmission coefficient at the crack, we expect that the voltages to satisfy
V.(f)=T(f)V,(f). The MATLAB function rough crack gives the
sampled received voltage versus time, vc, for the case when the transducers
are placed over the crack, the sampled voltage versus time, vr, for the refer-
ence setup, and the sampled time values, t. The function call is:

>> [ vc, vr, t] =rough_crack

Using this function, obtain the measured transmission coefficient,
T(f), versus frequency [ Note: if you want to use a Wiener filter here, the
numerical round off “noise” is extremely small so choose a small constant
value such as £€=0.001 or smaller]. Using this transmission coefficient,
determine a best fit value of C, and the corresponding value of x, (in
MPa/um), which is a measure of how closed the crack is. Assume the
compact tension specimen is made of steel whose specific plane wave

impedance is z=46x10° kg/(m*-sec).

2. A 6 mm thick aluminum plate is immersed in water and an immersion
transducer is placed in the water at normal incidence to this plate. The
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Fig. D.29. A transducer sending multiple pulses through an aluminum plate.

pulse generated from the transducer will pass through the plate and also be
multiply reflected within the plate many times, causing a series of
transmitted pulses to appear on the other side of the plate (see Fig. D.29).
If we assume that the transducer beam incident on the plate acts as if it
were a plane wave of pressure amplitude A, what would be the pressure
amplitudes of the first three transmitted pulses (in terms of A) and what
would be the time separation between them? For the water take p, =1
gm/cm’ | ¢,;= 1480 m/sec and for the aluminum take p,= 2.7 gm/cm’,

¢,,= 6420 m/sec.

3. The stress-strain (constitutive) relations for an isotropic elastic solid can

be written as:

E
T (v)(-2v)

T, =M,

T.= 4y,

T =M,

L T(1v)e, (e, ve.)]
Ta e +viere)]

[(1 —v)e,. + V(exx te, )]

where x4 =E/2(1+v) and the strains are given by
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Fig. D.30. A compressional wave traveling in (a) a rod and (b) a plate.
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(a) If we consider a compressional wave propagating along a long
slender rod as shown in Fig. D.30 (a), it is reasonable to assume that

u, =u,(x,¢) and that the only non-zero stress is 7, (7, =7.=7,=7_

=7, =0). The equations of motion in this case become simply

2
or,, Ou,

o Pt

Use the stress-strain relations and the conditions 7, =7, =0 to determine

the relationship between 7 and e =0u /0Ox for this case. What is the
wave speed for compressional waves in the rod?
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(b) Now consider a compressional wave traveling in a plate as
shown in Fig. D.30(b). In this case it is reasonable to assume
r.=7,=1_=7,_=0 and e, =0. If again we assume u, =u (x,7) the
equation of motion for the plate is the same as for part (a). Use the stress-
strain relations and the conditions 7_=e, =0to again determine the
relationship between 7 and e =0u_ /0Ox for this case. What is the wave
speed for compressional waves in the plate? For steel (take E = 210 GPa,
v=03, p= 7.9x10° kgm/m’ ) how does the compressional rod wave
speed and plate wave speed compare to the wave speed for bulk
compressional waves?

4. A plane wave travels 100 mm in a material to a point where its
amplitude is F. After the wave travels through an additional 100 mm of

material its amplitude is reduced to P, =0.45F. What is the average
attenuation of this material in dB/m?

5. A transducer beam spreads as it propagates. In the far-field of the
transducer this spreading is just like that of a spherical wave, i.e. the
amplitude varies as 1/ where r is the distance from the transducer. At a
distance of 100 mm from the transducer the amplitude of the pressure is .

After the beam has propagated another 100 mm the amplitude is reduced
to P, =0.45F. What is the average attenuation of the material in dB/m,

assuming that at both of these distances we are in the transducer far-field?

6. Consider a harmonic plane P-wave traveling in water at room
temperature. Determine an expression for the distance (as a function of the
frequency, /') that this wave must travel (in meters) to reduce its amplitude
by 10% due to attenuation. Plot this function from f = 1 MHz to
f=20 MHz.

7. The reflection and transmission coefficients (based on stress ratios) for a
plane P-wave wave at normal incidence to a plane interface between two
elastic solids were given by Eq. (D.39). Determine the corresponding
transmission and reflection coefficients based on ratios of the energy
intensities (see Eq. (D.63)). Plot these intensity-based coefficients versus
the impedance ratio of the two solids, as done in Fig. D.9.What is the sum
of these intensity-based reflection and transmission coefficients?
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Bulk P-waves and S- waves are the types of waves most frequently used in
NDE testing. Thus, the wave propagation models developed in Appendix D
and in Chapters 8-12 are all bulk wave models. In this Appendix we discuss
some of the issues associated with the generation of bulk S-waves in solids
and briefly describe surface (Rayleigh) and plate waves since these wave
types also have important NDE applications.

E.1 Shear Waves

Many ultrasonic nondestructive evaluation inspections are performed with
P-wave transducers operating either in a contact mode or in immersion
testing. It is also possible to have a piezoelectric crystal generate a
shearing motion when it is excited by a voltage pulse and use that shearing
motion to launch a shear wave into a solid component in a contact setup as
shown in Fig. E.1. In order to couple the motion of the crystal to the solid,
however, the shear wave transducer must be attached to the solid in a
permanent or semi-permanent fashion. Highly viscous shear wave
couplants or glues can be used for this purpose, but the transducer is then
not able to be scanned along the surface which greatly limits the usefulness
of such a shear wave setup. As a consequence, most shear waves are
instead generated through the process of mode conversion from a P-wave
to an SV-wave at oblique incidence to an interface. This is the basic
mechanism used in an angle beam shear wave transducer, as shown in
Fig. E.2. An ordinary P-wave type of crystal and backing is placed on a
plastic wedge. The P-wave this crystal generates strikes the interface
between the wedge and the solid to be inspected at oblique incidence. If
the incident angle in the wedge is chosen so that the first critical angle in
the solid is exceeded, then only a transmitted SV-wave propagates into the
solid as shown in Fig. E.2. The angle of propagation of the shear wave in
the solid is determined by generalized Snell’s law so that

0, =sin"' [csz sind,, /cp1] (E.1)
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Fig. E.1. A contact shear wave transducer on the free surface of a solid showing
the shear motion of the piezoelectric and the corresponding shear wave that is
generated.
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Fig. E.2. An angle beam shear wave transducer on the free surface of an elastic
solid.

where ¢, is the P-wave speed in the wedge, c,, is the shear wave speed in
the solid, and &, is the angle that the P-wave in the wedge makes with the
normal to the surface. Some refracted shear wave angles that are commonly
used in practice are: @, =45°,60°,70°. The angle beam shear wave trans-
ducer, like an ordinary P-wave contact transducer, can be coupled to
the solid by a thin fluid layer so that it can be scanned along the surface.
Angle beam shear wave transducers are often used for weld inspection
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Fig. E.3. An angle beam shear wave inspection of a welded plate geometry using
a directly generated SV-wave as shown on the right side of the weld or a SV-wave
reflected from a back surface as shown on the left side.

Rayleigh wave

Fig. E.4. A Rayleigh wave transducer on the free surface of an elastic solid.

problems as shown in Fig. E.3, where the entire weld zone can be probed
by scanning the transducer along the surface and using either the SV-wave
directly or a wave reflected from a back surface. Models of angle beam
shear wave inspections are discussed in Chapter 13.

E.2 Rayleigh Waves

A transducer arrangement very similar to the angle beam shear wave case
can also be used to generate Rayleigh surface waves, as shown in Fig. E.4
[E.1]. In this case the angle of the incident P-waves in the wedge must be
slightly larger than the second critical angle. Specifically,
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0, =sin"[c,/c, |, (E.2)

where c,,is the wave speed for Rayleigh waves in the solid. Typically the
Rayleigh wave speed is about 90 per cent the shear wave speed. At this
angle, there are only inhomogeneous P- and SV-waves generated in the
solid which combine to form the Rayleigh wave mode. The Rayleigh
wave travels along the stress free surface of the solid and decays in depth
from the surface. Lord Rayleigh first discovered these waves by choosing
P- and SV-wave potentials given by [Fundamentals]

¢= Aexp[—ay]exp[ik(x - ct)]
W= Bexp[—ﬁy]exp[ik(x - ct)}

which represent inhomogeneous waves propagating along the surface with
the common wave speed , ¢. These waves must satisfy the wave equations

1 0°¢

(E.3)

Vip———=0
¢ ciz ot’
| oy (E4)
Viy ————=0,
v cl, ot

where ¢, and c,, are the wave speeds for compressional and shear waves
in the solid, respectively. Also, these waves must satisfy the free surface
(zero stress) boundary conditions which are T,=T7,= 0 on y = 0.
Rayleigh showed that potentials of the form given in Eq. (E.3) could be
found that satisfy both the wave equations and the boundary conditions if

0{=|a)/c|,/l—cz/c;2

(E.5)
ﬁ=|a)/c|\/1—c2 /cl,
and the wave speed , ¢, is a root of the equation
(2-creh) —ai-d i, 1=, =o. (E.6)

Equation (E.6) is called the Rayleigh equation. It can be shown [E.3] that
for an isotropic elastic solid there is always one real root of Eq. (E.5)
c=c,,, where ¢, <c,, called the Rayleigh wave speed. Eq. (E.5) then
shows that « and £ are both real so that the Rayleigh wave potentials
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Fig. E.5. An angle beam transducer on a thin plate generating a series of reflected
and mode-converted waves that combine to form a dispersive (frequency dependent)

plate wave traveling with the wave speed ¢ =c().

have an exponential decay in distance from the surface. A simple
approximate expression for the Rayleigh wave speed is given by

0.862+1.14v
1+v

I

Cr2 Cs2> (E.7)
where v is Poisson’s ratio.

If one examines the displacements and stresses in the Rayleigh
wave, one finds that like the potentials they also decay in depth from the
interface but the decay is not a simple exponential behavior as given in
Eq. (E.3). However, at high frequencies, these quantities are all confined
near the surface while at lower frequencies they have deeper penetration.
Thus, in an inspection with Rayleigh waves one can adjust the depth of the
region one is interrogating by adjusting the frequency. Since they are
confined to the surface Rayleigh waves are very useful for inspecting for
surface flaws or near-surface flaws. Also, since Rayleigh waves travel and
spread out in two-dimensions on the surface whereas bulk waves spread
out in three-dimensions as they propagate through the volume of a material
the amplitudes of Rayleigh waves do not decay as fast as bulk waves and
they can travel long distances.

E.3 Plate (Lamb) Waves

If an angle beam shear wave transducer is placed on a thin plate, as shown
in Fig. E.5, a series of reflected and mode converted waves are generated
in the plate and these combine to form a new wave mode traveling with a
wave speed, ¢, in the x-direction called a plate (or Lamb) wave [E.2].
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(a)

Fig. E.6. (a) An extensional plate wave traveling in the x-direction in a thin plate
and (b) a flexural plate wave traveling in the x-direction. The type of deformation
present in each of these wave types is shown.

Unlike bulk waves or Rayleigh waves whose wave speeds are just a function
of material constants, c=c(a)) i.e. the wave speed of a plate wave is
generally frequency dependent, a phenomenon called geometric dispersion.
Actually as we will see there are many different plate waves that can be
generated, each with a different frequency dependency.

Plate waves are solutions of the wave equations for the potentials
where we assume

¢= f(y)exp[ik(x—ct)]

. (E.8)
W= g(y)exp[zk(x—ct)].
In this case, we find that
f=Acosh(ay)
. (E.9)
g= Bsmh(ﬂy)
or
= A'sinh(a
4 (a) (E.10)

g =B'cosh(By),

where o and f are again given by Eq. (E.5). Solutions of the form given
by Eq. (E.9) are extensional plate waves, while those given by Eq. (E.10)
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Fig. E.7. The phase velocity versus non-dimensional frequency (dispersion)
curves. Extensional wave modes are labeled An and flexural modes are labeled Sn
(n=0,1,2...).

are flexural plate waves. In general, we may have both types of waves
generated. The extensional plate waves are waves with the symmetric
thickness variations shown in Fig. E.6 (a) while the flexural plate waves
generate a bending deformation of the plate as they propagate, as shown in
Fig. E.6 (b).

Both types of these plate waves must satisfy the boundary
conditions 7, =7,=0 on y=th which yields the Rayleigh-Lamb
equations

tanh (51) _ do’ap (E.11)

tanh(ah) | ¢ (016 + B )2

where the plus sign is for extensional waves and the negative sign for
flexural waves. Solutions of Eq. (E.11) for the frequency dependent wave
speed ¢ = c(a)) are rather complex and generally must be determined numeri-
cally. Plots of the wave speed versus frequency are shown in Fig. E.7 for a
number of extensional and flexural wave modes.

We can obtain some information on the behavior of these waves
by noting that for sufficiently high frequencies we have tanh(ah)=1,
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tanh( ,Bh) =1 and the Rayleigh-Lamb equations for both extensional and
flexural waves reduce to just our equation for Rayleigh waves, Eq. (E.6).
This is a reasonable result since at very high frequencies the two sides of
the plate appear very far away from each other and the waves can propa-
gate independently on each side (as Rayleigh waves) as if the other side
did not exist. Thus, all the curves in Fig. E.7 asymptote to the Rayleigh
wave speed at sufficiently high frequencies.

At low frequencies, one can also extract some explicit results from
the Rayleigh-Lamb equation. For the lowest order extensional wave mode
(see Fig. E.7), one finds [Fundamentals]

E
m (E.12)

o
1

which is the non-dispersive wave speed for extensional plate waves found
from elementary plate theory. In contrast, the lowest order flexural mode at
low frequencies produces a wave speed [Fundamentals]

cz( °, }/E (E.13)

2ph

., _3(T2/1) is the flexural rigidity of the plate. In this case
we see the flexural waves remain dispersive even at low frequencies.

Plate waves are good candidates for inspecting thin plates and pipes
and are frequently used in those applications [E.2]. The inherent dispersive
nature of plate waves and the fact that one often simultaneously generates
many different modes often makes inspections with these waves challenging
from a data interpretation standpoint.
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A Gaussian beam is a very important type of propagating wave since it is
an elementary wave that can be used as an efficient building block for
constructing the more complex wave fields present in NDE inspections.
Chapter 9 develops in detail the propagation and transmission/reflection
laws for Gaussian beams in fluid and solid media. That Chapter also
describes how a multi-Gaussian beam model of circular and rectangular
piston NDE transducers can be constructed by superimposing only 10-15
Gaussian beams. The Gaussian beam discussions and derivations given in
Chapter 9, however, are inherently rather complex since they involve the
types of Gaussian beams and beam interactions that are needed to model
general NDE testing situations. In this Appendix we will discuss Gaussian
beams in a much more restricted context in order to illustrate some of the
important properties of this type of wave in as simple a manner as
possible. Specifically, we will examine the propagation of a circularly
symmetrical Gaussian beam in a fluid medium along a single coordinate
direction and describe the interactions of that beam with spherical or
planar interfaces that are normal to the propagation direction. Special cases
of this type are commonly encountered when using Gaussian beams to
represent the fields present in lasers, so we will also use a notation that is
consistent with many references found in the laser science literature.

F.1 Gaussian Beams and the Paraxial Wave Equation

Let the pressure, p, of a propagating harmonic wave (of exp(—ia)t) time
dependency) be written in cylindrical coordinates (p,z) in the form of a
quasi-plane wave propagating in the z-direction, i.e.

p=P(p,z,0)exp(ikz —iot). (F.1)
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This is called a quasi-plane wave because the amplitude, P, has variations
in ( p,z) while in a true plane wave P would be constant. Placing Eq. (F.1)
into the wave equation (see Eq. (D.8)) then shows that P must satisfy

1o( orP) &*P . OP
——| p— |+ —5+2ik,—=0, (F.2)
pop\’ Op) 0Oz oz

where k, =w/c, is the wave number. Note that this is an axially symme-
trical wave since there are no angular variations in the plane perpendicular
to the z-axis. As discussed in Chapter 9 if Eq. (F.1) represents a wave
disturbance propagating primarily in the z-direction we can assume that
the 0°P/0z" term in Eq. (F.2) will be smaller than the other terms in that
equation, leading to the paraxial wave equation for P given by [F.1], [F.2]

Lo, o, % 2o, (F3)
pop\’ op P 0z

The paraxial wave equation assumes that

1 0(,20)
pop\" dp
but since the magnitudes of both terms on the right side of Eq. (F.4) are

always equal by virtue of the paraxial wave equation, it is sufficient to
require only that

o*P

2

<< |2ik 6_P,
P oz

: (F.4)

0Oz

o*P

2

<< ‘Zikp 6_P
z

: (F.5)

0z

We will discuss the consequences of this inequality shortly. Now consider
a Gaussian beam solution of Eq. (F.3) in the form

Pzﬁexp(ikpp2/2q), (F.6)

where P=P(z) and g=g¢(z) can both be complex-valued functions.
Placing Eq. (F.6) into Eq. (F.3) gives

p 4P\ kip*P
2ik, (£+£j +%[ﬂ—1) —0, (F.7)
q dz q dz



F.1 Gaussian Beams and the Paraxial Wave Equation 545

Since we must satisfy Eq. (F.7) for all p we have

dq
—=1 F.8
r (F.8a)
and
dP P
—+—=0. (F.8b)
dz gq
The solution of Eq. (F.8a) is just the propagation law
‘I(Z)ZZ"'% (F.9)

where ¢, is a complex constant (that can also depend on the frequency,
@ ). Placing this solution into Eq. (F.8b) then also gives

~ P P
P(z)=—3—=—"-. F.10
2rq, q(2) (.10)
Thus, we see that a propagating Gaussian beam is given by

P, . ik, p’

p= exp| ik, z |exp| ———

ool on a8
(F.11)

= f exp[ikpz} exp{M}

2(z+q0)

(where we have omitted writing explicitly the exp(—ia)t) term, a convention
we will follow throughout the remainder of this Appendix). To put this beam
expression in a more understandable form, let the constant ¢, be represented
in the form

A

P

inw,
qo == Zo+ ) (F.12)

where (z,,w,)have the dimensions of a length and A, =27z/k, is the
wavelength. The distance z, = 7w / A, 1s called the confocal distance (or

confocal parameter). In terms of these parameters, therefore, the Gaussian
beam is given by
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A radius of curvature

/ beam width

w(z)

beam waist

Fig. F.1. A Gaussian beam of circular cross-section propagating in the z-direction,
showing the wave front curvature and the beam width. The beam waist is located
at z =z, where the beam width is w, . The half angle divergence of the beam at a
large distance from the beam waist is defined by the angle g, , .

p= L.exp [ikpz]

(z—2z))—iz,
ik,p*(z—2z,)/2 o r (ZC/WO)Z

(z-2,) +(z.) (z-2) +(z.)

Now, define a beam width parameter, w(z), and a beam wave front
curvature parameter, R(z), as

(F.13)

exp

1 3 (zc/wo)2
|:W(Z):|2 - (z—zo )2 +(z )2
‘ (F.14)
1 _ (Z—ZO)
R(Z) (2—20)2 +(zc)2
Then the Gaussian beam becomes
ik 2 P
f . exp[ikpz]exp 5P P . (F.15)

P

z—z,)—iz, 2R(z) (w(z))2
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Fig. F.2. A plot of the normalized beam width, w/w,, and the normalized radius
of curvature, R/z_, versus the normalized distance, (z -z,)/z,.

Figure F.1 shows a side view of the Gaussian beam represented by
Eq. (F.15) and Fig. F.2 shows a plot of both the normalized beam width
and normalized curvature parameters. We see that the beam wave front
curvature, R(z) , is infinite at the location z=z,. Therefore at that
location the wave front of the Gaussian beam is planar. For z >z, the
curvature is positive and the Gaussian beam is a diverging beam while for
z <z, the beam is a converging beam. From Eq. (F.15) we see that the
amplitude of the Gaussian beam in the p -direction is a Gaussian function
whose width is w(z) , where the width is defined as the radial distance to
which the beam amplitude drops by a factor e”' from its on-axis value.
Figures F.1 and F.2 show that the minimum beam width also occurs at
z =z, which is called the location of the beam waist. At the beam waist
from Eq. (F.14) it follows that w(z,)=w,.

Physically, the confocal parameter z, =7zw]/ A, 1s the axial
distance from the beam waist to where the Gaussian beam remains
reasonably well collimated (i.e. where the beam width is approximately a
constant) [F.2]. This can be seen from Eq. (F.14) where at z—z, =z_ we
find w=1.414w, so that the beam width is only 40% larger than at the
waist. However, at larger distances from the beam waist the beam width
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Fig. F.3. The normalized beam width versus normalized distance, (z - zO)/ z, and
the corresponding asymptotic beam growth angle.

grows considerably wider as the beam diverges. If we compute the half
angle to the e”' width point in the beam, 6, , (see Figs. F.1 and F.3)
where

6. = lim{tan] [%:‘} =tan"' (ij =tan' ( % J (F.16)
z® zZ—2z, W, Tz,

we see that if the wavelength, A, is much smaller than the beam width, w,,
then the asymptotic beam growth angle, 6,,,, is very small. For example, if
we consider a Gaussian beam with a waist size w, =3 mm radiating into
water at 5 MHz, then the wavelength 4, =0.3 mm and 6, =1.8 degrees.
This shows that a Gaussian beam of roughly the same size as an ultrasonic
NDE transducer that propagates at MHz frequencies will be highly
collimated. A typical NDE transducer beam at these frequencies also is
highly collimated (see, for example, Fig. 8.3). It is this fact that makes it
possible to take a relatively few Gaussian beams of different widths and
waist locations and accurately synthesize the wave field of an NDE
transducer, as shown in Chapter 9. In contrast, it takes a superposition of
many more spherical waves or plane waves to model a transducer wave
field since neither of those wave types are collimated beams like the
Gaussian beam.

/e

/e
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It is interesting to compare Eq. (F.15) with the paraxial approxi-
mation for the propagation of a spherical wave in the neighborhood of the
z-axis. This case is examined in Chapter 9 as part of the discussion of the
paraxial approximation. For such a spherical wave we have (see Eq. (9.6))

A ik, p’
p . exp[zkpz]exp( > J (F.17)
Both Eq. (F.15) and (F.17) have a varying “amplitude” term, a plane wave
propagation term, exp(ik pz) , and a phase term that is quadratic in the radial
distance, o, from the propagation axis. In fact, we can view the Gaussian
beam as representing a spherical wave propagating from a complex source
point in the paraxial approximation [F.3]. Such complex point sources can
be used as a means of forming wave solutions that do not rely on the
paraxial approximation, but we will not discuss those solutions here. Note
that if we let g, =0 in the Gaussian beam it reduces exactly to the spheri-
cal wave of Eq. (F.17).

Whereas the amplitude of a spherical wave becomes infinite at the
source location z = 0 (see Eq. (F.17), the Gaussian beam (see Eq. (F.15))
remains well behaved everywhere. In fact, as shown in Chapter 9, a Gaussian
beam is never singular, even after propagation and reflection/refraction in
multiple media. The same is not true for spherical or plane waves which at
high frequencies can become singular at focal points or caustics after either
of those wave types interact with curved interfaces. This non-singular
behavior of Gaussian beams is also a feature of this wave type that makes
it a better building block than spherical or plane waves to generate more
complex wave fields.

F.2 Quasi-Plane Wave Conditions and the Paraxial
Approximation

If the pressure is given by Eq. (F.11) then the velocity, v_, in the direction
of the propagating Gaussian beam is given by

z
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1@

iop Oz

. F.18
1 ) qr lkp,Oz q/ ( )
=ik, =~ ————| | |P;
iwp 9 2 \4g

where ¢'=dq/dz=1. We will now consider the conditions under which
the magnitude of the first term on the right side of Eq. (F.18) is much
larger than the other two terms. First consider the condition

’

q

<<k, (F.19)
q

This condition is equivalent to requiring that
k,la|=k,|(z—z,)—iz|>>1. (F.20)

Because |q|22€ Eq. (F.20) will certainly be satisfied if we require the

stronger condition k, |z,|>>1 which gives
2
227 Yo | s, (F.21)
ip
Now consider the second condition
k p2 q'
£ ? <<k, (F.22)

Since most of the energy in a Gaussian beam is contained within a beam
width, w, Eq. (F.22) will be satisfied for all p within that distance if we
set p=w in Eq. (F.22) and require

2

1
— | <<1. (F.23)

q

But since w=w, Eq. (F.23) implies

R 2

wy | 1 . 2“] ‘

=] <<1 or, equivalently, = >>1
2 |q Wo
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Again, since |q| >z, the above inequality will certainly be satisfied if we
require the stronger condition

2 2
2| Ze | =222 Mo | 5o (F.24)
w, ﬂp

This is just the same result as obtained in Eq. (F.21). Thus, we see that as
long as the beam waist size is much larger than a wavelength, the
velocity, v, , in the Gaussian beam given by Eq. (F.18) reduces to

V.= L, (F.25)
PC,
which is a relationship also true for plane waves (see Appendix D). Thus,
in terms of the pressure-velocity relationship we can view a Gaussian
beam as behaving like a quasi-plane wave.
These results are also useful for examining the requirement given
by Eq. (F.5) for the paraxial approximation to be valid for a Gaussian
beam. Since we have

R .
P= ;Oexp[lkp p'/2q] (F.26)
it follows that
dP q ikp® q
2|4, 2P 9 |p
~ [ PR (F.27)

But the terms appearing in the brackets in Eq. (F.27) are the same terms
we have just analyzed, so under the same condition given by either
Eq. (F.21) or Eq. (F.24) we have

dP

dz

<<|2k,P| (F.28)

Using Eq. (F.28) we see that Eq. (F.5) can also be written as
o’P

0z*

<< ‘4k§P‘. (F.29)

If we differentiate Eq. (F.27) once more and assume that again Eq. (F.19)
and (F.22) are satisfied for the terms of those forms that appear in the
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expression ford>P/dz*, then Eq. (F.29) will be satisfied if for the one
remaining term we have

kz 4 1\2
4 \gq

[The details are not given here as they are very similar to those just
presented for proving Eq. (F.25)]. Thus, the paraxial condition of

Eq. (F.29) becomes
, 2
s
2 ¢

which is certainly satisfied if we require

o
2

But if we take the square root of both sides of Eq. (F.32) we obtain
Eq. (F.22) again so that the condition for the paraxial approximation to be
valid for a Gaussian beam is once more either Eq . (F.21) or Eq. (F.24).

We can also view the conditions of Egs. (F.21), (F.24) in terms of
the asymptotic beam growth angle. Placing this paraxial approximation
condition into Eq. (F.16) gives

6, = tan"l( % J<< tan”' (\/5)

W,

<< 4k|P|. (F.30)

<<4 (F.31)

J <<1. (F.32)

which is satisfied if 6,,, <<54.7°. If we keep the beam growth angle to
about half this angle ( 6,,, =30°) we might expect the propagating Gaussian

beam will not violate significantly the paraxial condition. Angular values
of this size are consistent with the angular limits on the paraxial approxi-
mation discussed in Chapter 9 using plane waves and spherical waves.

F.3 Transmission/Reflection of a Gaussian Beam

As shown previously a circularly symmetrical Gaussian beam is completely
determined by the amplitude, P(z)=PF,/q(z), and the phase parameter,
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Fig. F.4. Transmission and reflection of a circular cross-section compressional
wave Gaussian beam at a spherically curved interface between two media.

q(z). The propagation law of Eq. (F.9) describes how both these amplitude
and phase terms change as this Gaussian beam propagates. Here we want
to define the corresponding transmission and reflection laws when the
symmetric Gaussian beam strikes a spherically curved interface of radius,
R,, at normal incidence, as shown in Fig. F.4. In this case, both axially
symmetric transmitted and reflected Gaussian beams are generated. The
incident, transmitted, and reflected Gaussian beams can all be written in
general as

- ik P’
P; =B(z)exp[ikplz+ia)t0]exp{l il }

2qi(z)

~ ik p°
=p ik i .
p. =1 (Zz)exp[l p1%2 +za)t0]exp|:2qr (22):| (F.33)

- ik ,p°
D, —Pt(z)exp[ikpzz+ia)to]exp{l p2f? },

2q, (z)

where ( DD, > P;) are the incident, reflected and transmitted wave pressures
and k,, =w/c,, (m=1,2) are the wave numbers for the first and second
media, respectively, as shown in Fig. F.4.The z-coordinate here is taken
with its origin at the interface (see Fig. F.4). Both the incident and
transmitted waves are propagating in the + z direction, but the reflected
wave is propagating in the z, =—zdirection. Typically, the incident
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Gaussian beam will have started out from some fixed position at time =0
located at a distance, D, from the interface in medium one so that the term,
t, =D/c,,, which appears in all the beams of Eq. (F.33) simply represents
the common time delay for all these waves.

At the curved interface, X, the boundary conditions require that
pressure, p, and the normal velocity, v_, must be continuous so that we

z?

have

v ()49, (2) =7 (2). (F.34)

Because we showed in the paraxial approximation the pressure and
velocity in the Gaussian beams must satisfy Eq. (F.25), the boundary
conditions of Eq. (F.34) can be re-written as

p(2)+p,(2)=1(2)
p(2)_p(3)_p(2) (F.35)

9
PiCp PiCpi Pl

where the minus sign arises in Eq. (F.35) since p, =pc, v, =-pc,v..
We will not attempt to satisfy the boundary conditions of Eq. (F.35)
exactly, but consistent with the paraxial approximation where all these
Gaussian beams are considered as quasi-plane waves confined to a region
near the z-axis, we will match the amplitude (P) terms in Eq. (F.34) only
at the point z = 0 and the phase terms to second order in the distance, p,
from the z-axis. Thus, the boundary conditions of Eq. (F.35) for the
amplitude terms become

B(0)+£(0)=£(0)
B(0) £(0) F£(0) (F.36)

PiCpi PiCp Palp

(where we can cancel all the phase terms in Eq. (F.36) since they will all
be made common in the following discussion). Solving these equations we
find
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Fig. F.5. The geometry of the spherical interface.

Pr(o): pch2 _plcpl PI(O):RPE(O)
PiCy t PC,,
2pc (F.37)
B0)=— 2% p0)=T B (0).
t( ) PiCpi T PC,, ) ! ( )

where (R p,Tp) are the plane wave reflection and transmission coefficients
(based on pressure ratios — see Appendix D).

Now consider the matching of the phase terms of Eq. (F.35). On
the interface, X, from Fig. F.5 we see that

zy = R, _\/R(f_pz

NS
=R, R{l 2R2+..} (£.38)

0
2

_ P
2R,

so matching the incident and transmitted Gaussian beam phase terms to
second order we have from Eq. (F.33)
. 2 . 2 . 2 . 2
lkplp + lkplp + la)to — lkpzp + lkpzp
2R, 24, (O) 2R,  2g, (O)

+iot,, (F.39)
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which gives the transmission law

1 Cha 1 ¢, 1
_— =] |— (F.40)
%(0) (%1 JRO Ch Qi(o)

Similarly, matching the incident and reflected Gaussian beam phase terms
in Eq. (F.33) we find

ikp1p2 + ikp1p2 _ ikplpz + ikplpz

+iwt, = +iwt F.41
2R, 2¢,(0) " 2R, 2q(0) ° E.4)
to obtain the reflection law
1 2 1
— =5 T (F.42)

q.(0) R, ¢,(0)

If we let (R, (0),w,(0)) be the wave front curvature and beam width of the
incident Gaussian beam at the interface, respectively and similarly define
(R, (0),w,(0)) and (R.(0),w,(0)) for the transmitted and reflected

beams, since

1 1 il

_ m

4.(0) R, (0) 2[w, (0)T m=(i.t,r)  (F43)

taking the real and imaginary parts of the transmission and reflection laws
show that

w, (0)=w, (0)=w,(0) (F.44)
1.e. the widths of all the beams at the interface are the same and also
_t (Lz _ JL LG 1
R (0) (¢, R, ¢, R(0)
1 2 1
[ :_+—
R (0) R, R/(0)

(F.45)

showing how the wave front curvatures of the incident and transmitted/
reflected Gaussian beams are related at the interface. For a planar interface,
these relations simply reduce to
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Fig. F.6. A Gaussian beam incident on a curved interface where the waist of the
incident beam is located at the interface and the corresponding transmitted
Gaussian beam and its wave front curvature is shown for (a) ¢, >c¢, and
R,>0,(b) ¢,, >¢, and R, <0.

1 _m 1

R (0) ¢ R (0) a0
IR |
R(O) R (0]

From Eq. (F.45) we can gain some understanding of the effects of the
curvature of the interface (and the wave speeds) on the transmitted wave if
we consider the case where the waist of the incident beam occurs at the
interface so that 1/R,(0)=0. Then if we have ¢,, >c,, and R, >0 we see

from Eq. (F.45) that R, (O) > 0. In this case the transmitted Gaussian beam
is a diverging beam as shown in Fig. F.6 (a). This type of interface is
therefore a defocusing interface for the transmitted wave. If instead we
have ¢,, >c,, and R, <0 we find R (0)<0 and the transmitted Gaussian

beam is a converging beam as shown in Fig. F.6 (b). In this case the
interface acts as a focusing interface for the transmitted wave. But for
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Fig. F.7. The transmission of a circularly symmetric Gaussian beam across
multiple spherically curved interfaces.

¢,, <c, the interfaces shown in Fig. F.6 (a), (b) are instead focusing and

defocusing interfaces, respectively, for the transmitted wave. These same
focusing or defocusing characteristics of curved interfaces were also
discussed in Chapter 8, section 8.12. If we again letl/ Rl.(O):O and
examine the reflected wave, Eq. (F.45) shows that regardless of the wave
speeds we have R (0)>0if R, >0 and R (0)<0 if R, <0, which
results in a diverging (defocused) and converging (focused) reflected
Gaussian beam, respectively.

F.4 Gaussian Beams at Multiple Interfaces and ABCD
Matrices

In the last section we developed the transmission/reflection laws for a
symmetrical Gaussian beam at normal incidence to a spherically curved
interface. We also have previously obtained the propagation law for a
Gaussian beam (Eq. (F.9)). If an axially symmetrical Gaussian beam
interacts with multiple spherically curved interfaces at normal incidence
we can use those laws and the plane wave transmission/reflection
coefficients to obtain the final form of the Gaussian beam (see Fig. F.7,
where the beam is shown in undergoing multiple transmissions only, but
we will also consider here multiple reflections as well). For example, if a
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Gaussian beam starts at z = 0 with a pressure amplitude P(O) and phase
parameter g, (0) , then after propagation through a distance z, we have:

=P(0)——= 4(0) exp(zk zl)exp{ik"’1 p—z} (F.47)

%( ) 2 ql(zl)

If this beam then is transmitted across an interface at a point O, (see
Fig. F.7) where z =z, and propagates from O, a distance z, in a second
medium we have

5 q, (Ql) q, (0)
PlEe)= PO E) )

ik 2
-exp(ikplz1 +ikp222)exp{ 2”2 . ’[()Z ):l,
2 2

where ¢, (z) is the g-parameter for the mth media and we will take the
z-coordinate for each medium to have as its origin the starting point for the
Gaussian beam in that medium. Since point @, is both the ending point for
the beam in medium one and the starting point for the beam in medium
two we have ¢,(0)=4(z), ¢,(0)=4¢,(0) so we can also write
Eq. (F.48) as

(F.48)

q, (0) q (0)

q, (Zz) 4q, (Zl )

ik 2
-exp(ikplzl +ikp222)exp|: 2;;2 . '?Z )}
2\ 2%

p(zz,a))zf’(O) T,

(F.49)

Obviously this same process can be continued for additional transmissions
(or reflections). After the interaction with M interfaces, for example, we
could write the beam in medium M+1 as

~ ‘1M+1 = q. (O)
p z + ,CU :P m m+
( e ) qM+1(ZM+1 lm_Il qm(zm)

M+1 k 2
eXp{kam m}eXp{ e ? }

m=1 2 Gy ZMH)

(F.50)
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where 7, . is either a transmission or reflection coefficient depending on
whether we are considering a transmitted or reflected wave at the mth
interface between medium m and m+1. The propagation and transmission/
reflection laws developed previously then can be written for all M +1

media as

Propagation laws: (for M +1 media)

4, (2,)=4,(0)+2, (m=1LM+1) (F.51)

Transmission laws: (for M interfaces)

qm QI’VI

qm+1 (Qm ) = ( )
[cpmﬂ _IJ Qm (Qm) + Cpm+1 (mzl,M) (F52)
Cl’ m (]e0 )m C]’ m
Reflection laws: (for M interfaces)
_ qm (Qm )

qm+l(Qn )_ 2 (m:LM) (F53)

— +1
(Ra )m qm (Qm)
If we let a final value of g after propagation/transmission/reflection be ¢,
and an initial value before propagation/transmission/reflection be g, then
all these laws can be written in the form [F.1], [F.2]

_Ag,+B
q5 Cq, +D (F.54)
or, equivalently,
1 D(l/g,)+C

q, B(l/g)+4

and the ABCD parameters can be placed in an ABCD matrix that defines
each law:

Propagation laws:

A BT |1 2,
c’ p'| |0 1 (F.56)
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Transmission laws:

1 0
A B
|:C’ D’:| - (Cpm+1 /CP’" _1) Cpm+1 (F57)
(RO )m Cl’m
Reflection laws:
1 0

A" B
Cr Dr = L 1 (F58)

(R),

A remarkable feature of writing the laws in this fashion is that even after
multiple propagations and transmissions/reflections the final and starting
g-values can still be related in the forms of Eq. (F.54) and Eq. (F.55) as
B AGq,. +B¢ F 50
9y Cqu+DG ( . )
and

1 D¢ (1 /q, ) +C°

q, B°(1/q,)+ A° ’ (F.60)
where the “global” ABCD matrix components appearing in Eq. (F.59) and
Eq. (F.60) can be obtained from a matrix multiplication of all the
individual propagation, transmission, and reflection ABCD matrices that
define a particular set of beam propagations or interface interactions. One
can easily prove this fact by merely placing Eq. (F.54) for one ABCD
matrix into Eq. (F.54) involving a second ABCD matrix and showing that
the resulting equation again is in the same form of Eq. (F.54) but with
ABCD elements corresponding to the matrix multiplication of the original
two matrices. For example, after propagation of a beam in medium one
followed by a transmission across an interface we would have

A° B¢ A B' || A" B
c pé| |c pl|lct b (F.61)
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Fig. F.8. Propagation of a Gaussian beam across a plane interface.

and this same process can be continued for any number of interactions
[Note: the order of the matrix multiplications is important. In the above
example propagation occurs first, followed by transmission, but in
multiplying the ABCD matrices this order is reversed]. Using ABCD
matrices in this fashion makes it very easy to follow a Gaussian beam
through multiple interfaces and similar ABCD matrices are commonly
used in the laser science field to describe the interaction a Gaussian laser
beam with multiple optical elements such as lenses, mirrors, etc. As a
simple example, consider the propagation of a Gaussian beam through a
distance z, in medium one followed by transmission across a plane
interface, and then propagation through a distance z, in medium two (see
Fig. F.8). In this case we have

A° B°| [1 z]|1 0 1 z
c’ D¢ __O 1|0 ¢,/c, |0 1

i F.62
~ 1 z +(cp2 /cpl)z2 ( )
_O (cp2 /cpl)
so that Eq. (F.59) yields
¢ c,
9 (Zz)=l{ql (0)+z +1—222}. (F.63)
p2 pl

This shows that the phase terms of the incident beam propagating, which is
given by:
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ik 2
> O (’)O) = (F.64)
becomes for the transmitted beam
ik, P’
7%(0)—1-(21 +(cp2/cpl)zz)j (F.65)

which looks exactly like the incident beam term with the replacement
zZ, >z + (cp2 /e, )22 . This same behavior is discussed in Chapter 8, section
8.5 when examining the on-axis pressure for a circular piston transducer in
the paraxial approximation.

In a single medium problem the phase term in the Gaussian beam
can be written as

ikpl p2 _ikpl pz
2 q,(z) Alq (0)+ B! | (F.66)
qu]( )+ D}

where the propagation ABCD matrix components for medium one are
A’ =D =1,B" =z,C’ =0. By using the global ABCD matrix formed
from the individual ABCD matrices for a multiple medium problem, the
phase term in Eq. (F.50) can also be written in the same form where

ikpMH /02 — ikpM+1 p2
2 qual(zua) 2 | A%, (0)+B° (F.67)
Cqu (0) + D¢

In a single medium case the amplitude coefficient of the Gaussian beam
contains the term

q, (0) _ ql(O)
0 (=) [Ald% (0)+ By J '

The similar part of the amplitude coefficient in Eq. (F.50) for a multiple
medium problem contains a series of products of the same form given on
the left side of Eq. (F.68). Consider, for example, the first two products
given by:

(F.68)
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q, (0) 9 (0)
q, (Zz) q, (Zl)

(F.69)

and the global ABCD matrix corresponding to propagation in medium one,
transmission across the first interface, and propagation in medium two:

A° B| |4 B |4 B |4 B
G G = d d t t d d |’ (F70)
c” D C, D5||C D¢ D
where (AZ,BZ,CZ,DZ) are the ABCD matrix components for propagation
in medium m, and (At B .C:

- m,D,’n) are the ABCD components for
transmission across the mth interface. We have

F.71
0 (0)-—(2) (70
’ Cltql(zl)+Dlt
so combining these two relations we find
1 _ C1t%(21)+D1t _ [ql(zl)/qz (0)] (F.72)
%(Zz) A,%(zl)"'B' A,%(Zl)"'B' , ‘
where
A4 B'| |4 B |4 B
e o|7let ptle o
(F.73)
|4 B[ 10
e ol pif
We then can substitute g, (z,)=4q, (0)+ B into 4'q,(z,)+ B’ to obtain

Aq(z)+B =4%(0)+B° (F.74)

in terms of the global matrix elements A% = A4'4’, B® = A'4" + B'. This
also follows by writing Eq. (F.70) as
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A° BC| |4 B'||l4" B
c’ p°| |C D c' Df

(F.75)
[ B4 B
|l Do 1
Thus, from Egs. (F.72) and (F.74) we can write
0 0 0
4,(0) a( ) _ 4,(0) (F.76)

9, (ZZ) 4q, (ZI) - A%, (0)+BG ’

which has exactly the same form as for the single medium case (Eq. (F.68)).
We can continue this process and consider all the other pairs of amplitude
terms in Eq. (F.50) in exactly the same manner and so obtain

G (0) g, (0)  ¢(0)
Gun (ZM+1) m=1 G (Zm) - A%, (0)+ B¢’ (F.77)

where now (AG,BG)are elements of the global ABCD matrix for all the

media and interfaces involved in going from medium one to medium M+1.

We can also define a global transmission/reflection coefficient,

M M+1
7 =1_[Tmm+1 and a propagation delay term ¢, =sz/ ¢,, and write
m=1

m=1

Eq. (F.50) as

p(ZM+l’w) = 7?(0)%

(F.78)

.kpM+l pz

i
-exp|iot, |exp RO
2 N\ 7
CY%%, (O) +D°

which is in exactly the same form as for the propagation of a Gaussian
beam in a single medium where using the same notation we have:
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Fig. F.9. (a) A paraxial geometrical ray before and after a general ray interaction,
and (b) the special case of propagation of the ray over a distance, z. The central
ray is the dashed line and the paraxial ray is assumed to have a small distance
from the central ray and a small slope relative to the central ray.
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In Chapter 9 it is shown that even in more general Gaussian beam problems
one can use ABCD matrices, but for those cases the scalar (4,B,C,D)
components are replaced by 2x2 matrices (A,B,C,D) .

The ABCD matrices used here for our Gaussian beam problems
are closely related to the same ABCD matrices used in geometrical optics
to facilitate the tracing of paraxial rays through optical elements [F.1],
[F.2]. Consider, for example a central ray before and after a given
interaction (such as propagation through a lens or reflection from a mirror,
etc.) as shown in Fig. F.9 (a) and a nearby (paraxial) ray. Let (rl,rl’) be the
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displacement and slope of the paraxial ray from the central ray before an
interaction and let (rz,rz’) be the same quantities for the paraxial ray after
an interaction (see Fig. F.9 (a)). For a paraxial ray that is close to the
central ray and at a small slope to that ray it is reasonable to assume that
these quantities are linearly related to one another, i.e.

K A Biln
y _{C D} o) (F.80)

However, if we define curvatures R, =#/#, R, =r,/r, we find

_ AR +B

~CR+D’ (F.81)

2

which is of the same form as Eq. (F.59) for the ¢- parameter in a Gaussian
beam. This is perhaps not surprising since the wave front curvature of the
Gaussian beam, R(z), is related to ¢(z) through

Re (ﬁj = ﬁz) (F.82)

(where Re denotes “real part of”’) so that we can view the use of the ABCD
matrices for Gaussian beam problems as the extension of the geometrical
optics relations for real ray curvatures to corresponding complex g-values
that define the Gaussian beam. To demonstrate in a simple case that the
geometrical optics ABCD matrices are indeed the same as our Gaussian
beam matrices, consider the ABCD matrix for propagation of a ray through
a distance, z, as shown in Fig. F.9 (b).Then since », =7’ andr, =r+7r'z
(for small slopes) we have

n 1 z|(n
(o I e

which is identical to the propagation ABCD matrix of Eq. (F.56). In
Chapter 9, this same example is discussed in a more general context (see
section 9.4).
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F.5 Multi-Gaussian Beam Modeling

In 1988 Wen and Breazeale [F.4] showed that by the superposition of only
10 Gaussian beams, one could generate an accurate model of the radiated
wave field of a circular planar piston transducer. Since commercial
ultrasonic NDE transducers can often be modeled as piston transducers,
this multi-Gaussian beam model is a very effective tool for simulating the
sound beams generated in NDE tests. Here we will briefly outline Wen and
Breazeale's multi-Gaussian beam model and relate it to our previous
Gaussian beam discussions. Chapter 9 also gives many more details of
multi-Gaussian beam models.

At z = 0 for a single Gaussian beam the pressure is given by (see
Eq. (F.11))

P ik p*
p:q—oexp|: 2"; } (F.84)
0 0

Wen and Breazeale wrote Eq. (F.81) instead as

P~ gexp[-Bp?/a*] (F.85)
PECLYy

and used a non-linear least squares optimization procedure to determine a
set of 10 complex 4 and B coefficients that produced a constant velocity,
v, , on the face of a circular piston transducer of radius a located at z = 0,
as discussed in more detail in Chapter 9. The wave field generated by the
superposition of 10 Gaussian beams with the starting forms of Eq. (F.81) is
shown in Chapter 9 to match well the exact wave field of the piston
transducer except close to the transducer face. Note that these 4, B
coefficients represent Gaussian beams of different waist locations, widths
and amplitudes since

e =K/ pc,v,
z, tiz,
. 2
zkpa

2(20 +izc)

(F.86)

from which it follows that
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) ikpar2 /2
—qy =2y tiz, =
a2 (F.87)
P, .y lkpa /2.
PCV, B

A multi-Gaussian beam model of a transducer uses the 4, B coefficients
directly to synthesize the transducer wave field so there is no advantage in
expressing the wave field in terms of Gaussian waist locations and width
parameters, as is commonly done in the laser science literature. Instead,
using Eq. (F.87) we can write the propagating Gaussian beam in a single
medium (see Eq. (F.11)) in terms of 4 and B directly:

A k p* (i
p:—pcpvo exp[ik z]exp TP (ll,g/DR) ,
1+iBz/ D, ! 2 (1+iBz/Dy)

(F.88)

where D, =k paz /2 is called the Rayleigh distance for the piston transducer,
a quantity that is analogous to the confocal parameter for a Gaussian beam.
Using the ten A, B coefficients of Wen and Breazeale then yields a multi-
Gaussian transducer beam model for a single medium given by

0 pe,vyA, . ik,p* (iB,/Dy)
— k P n
P zl+ian/DR exp|. "Z]exl{ > (+Bzipy|[

n=1

which is the form used in Chapter 9 (see Eq. (9.134)). If we define starting
values for each of the Gaussian beams in Eq. (F.89) as

—ik a*/2
0 — P
[ql( )]n B (F.90)

P,(0)=pc,v,4,

n

then using Eq. (F.78) we have a very simple model for the field of a piston
transducer after multiple transmissions or reflections:
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p(ZMJrI’a)):iTEI (()) [611(0)]”

pr 4°[¢,(0)] +B°
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In Chapter 9, use is made of the Wen and Breazeale coefficients and the
corresponding (A, B,C, D) matrices in this same manner to obtain transducer
wave fields much more complex multiple media problems.
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F.7 Exercises

1. Consider the propagation of a central ray and a paraxial ray at oblique
incidence across a plane interface where the paraxial ray lies in the x-z
plane (see Fig. F.10). Relate the distances (xl,xz) to each other to first
order in terms of the angles (91,92) directly from the geometry. Also,
using Snell's law, which must be satisfied for both the central ray and the
paraxial ray, relate the slopes (xl' ,x;) to each other to first order in terms
of (6,,6,) and (cpl,cpz). Combining these results, obtain the ABCD

matrix for this case, where
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Fig. F.10. A central ray (dashed line) and a nearby paraxial ray (arrows) being
transmitted at oblique incidence across a planar interface.
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Since there is no change in direction for the central ray in the y-direction,
the values(y,,y;) and (y,,y/) for the paraxial ray are related by a
corresponding ABCD matrix valid near normal incidence. From your
previous results let 8,8, — 0 to show that in this case

birle, o bt o ]
y; Cy Dy yll O CpZ/Cpl yll

Because there are different ABCD matrices in the x- and y-directions, an
incident Gaussian beam of circular cross-section, where the phase term is
given at the interface by

ik | p? ik (xX*+)°
exp| -2 L =exp —”]—( )
2 2 g

i

will be changed, upon transmission through the interface into a Gaussian
beam of elliptical cross section, where the phase term is:
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lk 2 2

exp| —2 al 4
2 Ain + Bx Cplqi

Cxqi +Dx sz

Thus, for oblique incidence problems we can no longer consider only
circular cross-section Gaussian beam solutions of the paraxial wave
equation but must treat more general solutions for elliptical cross-section
Gaussian beams. For oblique incidence on curved interfaces the
transmitted Gaussian beam can also be rotated, resulting in Gaussian
beams with phase terms containing both quadratic and mixed products of
the coordinates, i.e. (xz,xy, y? ) Chapter 9 treats these more general cases
by seeking Gaussian beam solutions to the paraxial wave equation given
by

p=P(2) exp(ikplz)exp[%oXTMp (Z)Xj

where X =[x, y]" and M, is a 2x2 symmetrical matrix. For a circular
cross-section Gaussian beam then we have

1

0
MP (Z): cplq(Z) 1
R

2. Wen and Breazeale also defined 15 Gaussian beam coefficients (4,,B, )
that improve on the modeling of a circular planar piston transducer in
comparison to their original 10 coefficients [F.5]. Use the MATLAB
function gauss cl5 that returns those 15 coefficients and write a
MATLAB script that obtains the normalized pressure field, p/pc,v,, for
a 6.35 mm radius piston transducer radiating through spherically curved
water-steel interface (R, =76 mm) at a frequency of 5 MHz (see Fig.
F.11) and plots the magnitude of the on-axis normalized pressure versus
the distance z,in the steel from z, =0 to z, =50 mm. Modify the script
and consider the same case but where R, =—-76 mm.
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Fig. F.11. A circular planar piston transducer radiating a sound beam through a
spherically curved fluid-solid interface.

|'1 Ll b} Ll

2 ) I

S0mm 25mm 50 mm

Fig. F.12. Radiation of an immersion transducer through an aluminum plate.

3. Rewrite the scripts of problem 2 so that they display a 2-D image of the
magnitude of the normalized pressure (i.e. normalized pressure versus
(p,zz)) in the steel for both the defocusing and focusing interfaces
considered there.
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4. Use the ABCD matrices and the 15 coefficients of Wen and Breazeale
contained in the MATLAB function gauss _c15 to write a MATLAB script
that obtains the normalized pressure, p/pc,v,, in a sound beam that is
directly transmitted (with no reflections) from a 10 MHz, 6.35 mm radius
planar piston transducer through the aluminum plate shown in Fig. F.12.
The script should plot the magnitude of the normalized pressure versus p
at z, =50 mm.

5. Modify the script of problem 4 so that the normalized pressure
transmitted through the plate is evaluated at many frequencies for
p=0,z, =50 mm and is multiplied at each frequency by the MATLAB
function spectruml1 written for exercise 1 in Appendix A, where the center
frequency fc = 10 MHz and the bandwidth bw = 4 MHz. Evaluate this
product at 1024 positive frequencies ranging from zero to 100 MHz and
use the Fourier transform [FourierT defined in Appendix A to obtain a
time-domain pulse. Plot that pulse versus time. In evaluating the
normalized pressure, ignore the exp[ikplz1 +ik,,z, +ikp3z3] propagation

term which simply produces a time delay.
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A number of MATLAB functions and scripts are described in the text. The
MATLAB code listings for all these functions/scripts are available on
the web at www.springer.com/978-0-387-49061-8. The web site also has
the MAT-files that contain the experimental data used in various model/
experimental comparisons. In this Appendix we will summarize the
MATLAB functions and scripts discussed in the text and give code listings
for those functions which are not explicitly defined elsewhere. Note that a
number of the MATLAB functions used in the exercises are not given
here, but they can be found on the web site. In some cases those MATLAB
functions are given in p-code form instead of ordinary open text m-files so
that they can be used by students as unknown “black boxes™ in some of the
exercise problems given at the end of the Chapters. Those p-code functions
were generated in MATLAB release 7.0 so that they will not work with
earlier versions of MATLAB. If this poses a problem, there are alternate
p-code versions of the same functions on the web that were generated in
release 6.5 and are identified by having a “65” in their function name.

G.1 Fourier Analysis Functions

Vf = FourierT(vt, dt);

vt = IFourierT(Vf , dt);

y = s_space(a, b, M);

y = c_shift(vt, N);

y =t _shift(t, N);

y = Wiener _filter(O, |, e);

Vf =lp_filter(f, fstart, fend);

y = system_f (f, amp, fc, bw);

The functions Fourier T(vt, dt) and [FourierT(Vf, dt) perform the Fast
Fourier transform and its inverse on a set of sampled values in the time and
frequency domains, respectively. Besides those sampled values the
sampling interval in the time domain, dt, is the only other input parameter
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to these functions. These discrete Fourier transforms implement the Fourier
transform and its inverse as defined in Appendix A. Code listings of both
these functions can be found in Appendix A.

The function s_space(a, b, M) is a utility function that produces a
set of M evenly spaced sampled values from a to (b—dx), where
dx =(b—a)/M is the sample spacing. These are precisely the sampled
values that are used in Fourier analysis so that this function is used
primarily to generate the time and frequency axes to use in conjunction
with FourierT and [FourierT. This function is discussed in Chapter 12 and
the code listing for the function can be found in section G.8.

The function c_shift(vt, N) moves the last N components of the
vector vt into the first N component places and shifts the remaining
components of vt to follow those N components. This type of shift is
called a circular shift. This shift is sometimes needed since I[FourierT
always generates a set of sampled time domain values over the time
interval [0, T), where T = 1/df is the length of the total time window and df
is the sample interval in the frequency domain. However, if the sampled
time domain function values are non-zero before time t = 0, these sampled
values at negative times will appear in the upper half of the window and
the function will appear to be “split”. This splitting can be removed by
applying c_shift to the sampled values with a large enough value for N.
For example, consider the following eight function values:

>>f=[11000022];
If we apply c_shift to this function with N =2 we obtain
>> fs =c¢_shift(f,2)
fs =
2 2 1 1 0 0 0 O

The use of c_shift on a sampled time-domain signal will also mean
that the corresponding sampling times will be incorrect. In some cases this
is not significant, but if one wants to also change the time axis appropria-
tely to preserve the original time values then the function t shift(t, N) can
also be used in conjunction with c_shift. As a simple example of the action
of t_shift, consider the following eight time domain values:

>>t=[0 0.1 0.2 0.3 0.4 0.5 0.6 0.7];
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Now, apply t_shift to this sampled time axis with N = 2:
>> t_shift(t, 2)
ans =

-0.2000 -0.1000 0 0.1000 0.2000 0.3000 0.4000
0.5000

In most cases t_shift is used in conjunction with c_shift in plotting
a sampled function. For example, the MATLAB command plot(t_shift(t, N),
c_shift(V, N)) will do a circular shift of the last N sampled values contained
in the vector V and also modify the sampled values of the time axis contained
in the vector t appropriately so that the original time origin is changed
appropriately in the resulting plot. The code listings for both c¢_shift and
t_shift are given in section G.8.

The function Wiener filter(O, I, ) is described in Appendix C
where its code listing is also given. This function takes the sampled frequency
domain values contained in vectors O and I and performs a deconvolution.
A direct deconvolution would simply be an element by element division,
i.e. in MATLAB we would compute

>G=0./1;

The Wiener filter function modifies this division process and
desensitizes it to noise, as discussed in Appendix C. The constant, e, which
is the other input to this function, is used in the Wiener filter to represent
the noise level present. Generally, small values such as e = 0.01 to 0.05
work well in many ultrasonic NDE problems.

The function Ip_filter(f, fstart, fend) generates a low-pass filter that
is unity below a frequency value, fstart, and smoothly goes to zero at the
value, fend. Above fend the function is zero. Multiplying a model-based
function (that is defined in the frequency domain) by this low-pass filter
will remove the high frequency content and allow one to perform an
inverse FFT on the product as long as fend is chosen below the Nyquist
frequency. The code listing for this function is given in section G.8.

The function system f (f, amp, fc, bw) models the behavior of a
system function in the frequency domain with a Gaussian that is defined
by its amplitude, center frequency, and bandwidth. The code listing for this
function is given in section G.8.
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G.2 Setup Functions

setup = setup_maker;
display_setup;

The function setup _maker provides a way of storing all the input parameters
needed to generate the ultrasonic measurement models described in
Chapter 12. The function places a default set of values for all these para-
meters in a MATLAB structure called setup which then can be modified
by the user to produce any set of parameters needed to describe a particular
ultrasonic system configuration. When modifying the setup structure, it is
convenient to be able to examine its contents to check that the proper para-
meters are present. This can be easily done with the function display_setup
which lists all the current setup parameters. There are no input arguments
for either of these functions. The code listings for both setup maker and
display_setup are given in Chapter 12.

G.3 Ultrasonic Beam Modeling Functions

[A, B] = gauss_c15;

T = fluid_solid(setup);

T =smooth_solid(setup);

V = init_z(setup);

[Vf, setup] = MGbeam(setup);
[Vi, setup] = |_MGbeam(setup);

The multi-Gaussian beam model described in Chapter 9 and implemented
in software in Chapter 12 uses a set 15 complex-valued amplitude and
phase coefficients (A,B) to model the sound beam generated by an
ultrasonic transducer. Those 15 coefficients are returned by the function
gauss_cl5. There are no input arguments for gauss c15. The code listing
for gauss_c15 is given in Chapter 12.

When a sound beam passes through an interface, changes in the
amplitude of the beam are controlled by the plane wave transmission
coefficient as discussed in Chapter 9. The expressions for the plane wave
transmission coefficients for a fluid-solid interface are obtained in Appendix
D and those expressions are coded in the MATLAB function fluid_solid,
whose code listing is given in Chapter 12. The only input argument of the
function fluid solid is the setup structure. This function extracts the
necessary material and geometry parameters needed from that structure
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and returns the appropriate plane wave transmission coefficient for the
incident and transmitted wave types specified in setup.

In pulse-echo angle beam testing a P-wave transducer is placed on
a solid wedge instead of being in a fluid. This wedge is then placed in
“smooth” contact with the surface of the component being tested, as described
in Appendix D. The expressions for the transmission coefficients for such
a setup are given in Appendix D. The function smooth_solid, whose code
listing is given in section G.8, performs identically to the fluid_solid function
but returns instead the appropriate transmission coefficient for the angle
beam testing setup.

In performing ultrasonic beam modeling studies, one may want to
perform beam calculations at a single frequency for multiple locations in
the beam field or synthesize a pulse by performing beam field calculations
at many frequencies for a single location or multiple locations. Thus, the
setup parameters setup.f, setup.geom.zl, setup.geom.z2, setup.geom.x2,
and setup.geom.y2 may be scalars, vectors, or matrices depending on the
type of study one wants to perform. The function init z(setup) decides
what the largest size of matrix is present for these parameters and simply
outputs an empty array of values of that size. That empty array is then
filled with beam field (velocity) values when the actual beam model
calculations are performed by a beam model function. This pre-allocation
of an empty array is done for efficiency. The code listing for the init z
function is given in Chapter 12.

The function MGbeam(setup) uses the multi-Gaussian beam
theory described in Chapter 9 and the specific implementation described in
Chapterl12 to return the complex-valued velocity amplitude of the trans-
ducer sound field generated in a pulse-echo immersion test with input
parameters as specified in the setup structure. In performing these
calculations MG _beam also uses the functions gauss cl15, fluid solid, and
init_z described previously. The only input argument to the MGbeam
function is the setup structure. The outputs of MGBeam are the beam
velocity amplitude and a new setup structure that contains updated values
for setup.wave.cl, setup.wave.c2, and setup.wave.T12 parameters (see
Chapter 12). The code listing for MGbeam is given in Chapter 12.

The function I MGbeam(setup) uses all the same inputs and
functions as MGbeam but instead of the velocity amplitude returned by
MGbeam, this function returns a spatial integral of the square of the
velocity amplitude, as required by the measurement model for long
cylindrical reflectors such as a side-drilled hole (see Chapter 12). Like
MGbeam, I MGbeam also returns a new setup structure that contains
updated values for setup.wave.cl, setup.wave.c2, and setup.wave.T12
parameters. The code listing for | MGbeam is given in Chapter12.
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G.4 Flaw Scattering Functions

>

_void(setup);
_crack(setup);
_SDH(setup);
_void_Psep(setup);
_void_Ssep(setup);
DH_Psep(setup);
DH_Ssep(setup);
unity(setup);

> > >

> >

_S
_S

>>r>>>>>
T T O TR TR TR TR T
>

>

As discussed in Chapters 10, 11 and 12 a component of the vector far-field
scattering amplitude of a flaw is a quantity that can be used to characterize
the flaw response. This quantity appears explicitly as part of an ultrasonic
measurement model when the beam variations over the flaw surface are
negligible. The functions A_void(setup), A _crack(setup), and A _SDH(setup)
return the pulse-echo far-field scattering amplitude component for a void,
crack, and a side-drilled hole, respectively, using the Kirchhoff approxi-
mation. The incident waves can either be P-waves or S-waves. Code listings
for all three of these functions are given in Chapter 12.

Spherical and cylindrical shaped flaws are the only two geometries
where one can obtain exact separation of variables solutions for the far- field
scattering amplitude of a flaw in a solid. The functions A_void Psep(setup)
and A void_Ssep(setup) return the pulse-echo scattering amplitudes for a
spherical void for incident P-waves or SV-waves, respectively, using the
method of separation of variables. The functions A_ SDH_Psep(setup) and
A SDH_Ssep(setup) return the pulse-echo scattering amplitudes for a
cylindrical void (side-drilled hole) for P-waves and SV-waves, respec-
tively, when the incident wave direction is perpendicular to the axis of the
hole. These two functions use a 2-D separation of variables solution for the
hole and convert it to a 3-D scattering amplitude normalized by the length
of the hole using the relationship described in Chapter 10. The code
listings for all four functions that implement these separation of variables
solutions are given in section G.8.

When determining the far-field scattering amplitude of a flaw
experimentally, one needs to deconvolve a measured flaw response with
all those terms in the measurement model except the far-field scattering
amplitude term, as discussed in Chapter 13. Those terms can be generated
by measurement model function with the far-field scattering amplitude
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response set equal to one at all frequencies. The function A unity(setup)
simply returns these needed values of unity. The code listing for this function
is given in Chapter 13.

G.5 Ultrasonic Measurement Modeling Functions

y = attenuate(setup);

s = systf(setup);

s = exp_systf(setup);

[Vf, setup] = TG_PE_MM(setup);
[Vi, setup] = SDH_PE_MM(setup);

An ultrasonic measurement model requires an ultrasonic beam model and
flaw scattering model to account for the beam propagation and scattering
effects present in an ultrasonic measurement. Since the beam model
functions MGbeam and I MGbeam predict the beam amplitudes in ideal
(lossless) media, material attenuation effects must be included separately.
The function attenuate(setup) returns a frequency dependent attenuation
factor that allows us to include these losses based on measured attenuation
coefficients placed in the setup structure. The code listing for this function
is given in Chapter 12.

An ultrasonic measurement model also requires a specification of
the system function that characterizes all the electrical and electromecha-
nical components present in the measurement system. For simulation
studies, one can use a model-based system function that mimics the
behavior of a real (measured) system function. The function systf(setup) is
such a function that returns a purely model-based system function deter-
mined by specified amplitude, center frequency, and bandwidth parameters
in the setup structure. In contrast, the function exp systf (setup) uses the
measured voltage in a reference experiment to determine the system
function experimentally. This sampled voltage and the corresponding sam-
pled time axis must be contained in a MAT-file whose name is contained
in the setup structure. The function exp systf then uses these measured
values in combination with other parameters of the reference setup contained
in the setup structure to return the system function. Code listings for systf
and exp_systf are given in Chapter 12.

The function TG_PE_MM(setup) generates the pulse-echo response
of a flaw in an immersion setup, as described in Chapter 12, using the
Thompson-Gray measurement model. This measurement model is suitable
for modeling the response of a flaw when the beam variations over the
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flaw surface are negligible, as discussed in Chapter 11. This function
returns the output voltage (in the frequency domain) and a new setup
structure that contains updated values for setup.wave.cl, setup.wave.c2,
and setup.wave.T12 parameters. The code listing for this function is given
in Chapter 12.

The function SDH PE MM(setup) similarly returns the pulse-
echo output voltage (in the frequency domain) for a side-drilled hole in a
an immersion setup, as discussed in Chapter 12. This measurement model
assumes the beam variations are negligible over the cross-sectional area of
the side-drilled hole but accounts for the beam variations over the entire
length of the hole. This function also returns a new setup structure that
contains updated values for setup.wave.cl, setup.wave.c2, and setup.wave.
T12 parameters. The code listing for this function is given in Chapter 12.

G.6 Miscellaneous Functions

y= pulserVT(VO, t0, a1, a2, t) ;
y =fresnel_int(x) ;

The function pulserVT implements Eq. (2.3) of Chapter 2 which uses the
four parameters (V0, t0, al, a2) to model the open-circuit output voltage of
a spike pulser or square wave pulser versus time. The code listing for this
function is given in section G.8.The function fresnel int computes the
Fresnel integral, where the argument, x, is the upper limit of that integral.
As shown in Chapter 8, this integral appears in modeling rectangular
transducers. The code listing for this function is given in section G.8.

G.7 MATLAB Script Examples

TG_sphere_example1
TG_sphere_example2
TG_sphere_example3
FBH_example1
SDH_example1
SDH_deconvolve1

In Chapters 12 and 13 scripts that implement a number of measurement
model examples are given. The script TG_sphere_examplel, for example,
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uses the Thompson-Gray measurement model to calculate the time domain
pulse-echo P-wave response of an on-axis spherical pore interrogated by a
12.7 mm diameter, 5 MHz planar probe through a fluid-solid interface at
normal incidence. The code for this script is given in Code Listing 12.11.
In this case, a model-based system function is used in the calculations. The
script TG_sphere example2 models the same spherical pore considered in
TG_sphere_examplel but uses an experimentally determined system
function instead to synthesize the time-domain signal. The code for this
script is given in Code Listing 12.13. The script TG_sphere_example3 also
calculates the time domain response of the same pore contained in the
previous two scripts but replaces the planar probe with a 12.46 mm
diameter, 172.9 mm focal length focused probe (both of which values are
measured effective parameters) and uses an experimentally determined
system function for this probe. The modeled response is then compared to
a measured signal. The code for this script is given in Code Listing 12.14.

FBH examplel is a script that illustrates an example of a
measurement model calculation where the beam variations over the face of
the flaw must be accounted for. In this case the script calculates the time
domain pulse-echo P-wave response of an on-axis #8 flat-bottom hole
interrogated by a 12.7 mm diameter, 5 MHz planar probe through a fluid-
solid interface at normal incidence and compares the modeled response to
an experimentally measured signal. The code for this script is given in
Code Listing 12.15.

The script SDH_examplel calculates the pulse-echo P-wave time
domain response of an on-axis 1 mm diameter side-drilled hole interrogated
by a 12.7 mm diameter, 5 MHz planar probe through a fluid-solid interface
at normal incidence. The script uses an experimentally determined system
function and compares the modeled response to an experimentally
measured signal. The code for the script is given in Code Listing 12.19.

In Chapter 13, the script SDH_deconvolvel demonstrates how a
model-based approach can be used to extract the scattering amplitude of a
side-drilled hole from a measured signal. This script uses the side-drilled
hole measurement model and the measured pulse-echo P-wave time-domain
response of an on-axis 1 mm diameter side-drilled hole interrogated by a
12.7 mm diameter, 5 MHz planar probe through a fluid-solid interface at
normal incidence to obtain an experimental far field scattering amplitude
for the hole by deconvolution.

This experimental result is plotted versus frequency and compared
to the theoretical scattering amplitude calculated by the method of
separation of variables. The code for this script is given in Code Listing
13.2.



584 MATLAB Functions and Scripts

G.8 Code Listings of Some Supporting Functions

Many of the MATLAB functions that implement the examples discussed
in this book are given in the Chapters and Appendices. The previous
sections describe where those functions can be found. This section gives
MATLAB code listings for functions that are not given elsewhere in the
text. All of the MATLAB functions, scripts, and experimental data files
are on the web at www.springer.com/978-0-387-49061-8.

Code Listing G.1. The MATLAB function s_space for generating sampled values
for use in Fourier analysis.

function y =s_space(xstart, xend, num)

% S_SPACE(XSTART,XEND, NUM) generates num evenly spaced sampled
% values from xstart to (xend - dx), where dx is the sample

% spacing. This is useful in FFT analysis where we generate

% sampled periodic functions. Example: generate 1000

% sampled frequencies from 0 to 100MHz via f=s_space(0,100,1000);
% In this case the last value of f will be 99.9 MHz and the

% sampling interval will be 100/1000 =0.1 MHz.

%

ye =linspace(xstart, xend, num+1);

y=ye(l:num);

Code Listing G.2. A circular shift function to use with FFT operations

function y = c_shift(x, n)
% C_SHIFT moves the last n components of the vector x
% into the first n component places and shifts the
% remaining components of x to follow those n components,
% i.e. this is a circular shift. Note: x must be row or column vector
%
[nr,nc]= size(x);
if nr ==
len = nc;
y = [x(len-n+1 : end), x(1:len -n)];
elseif nc == 1
len =nr;
y = [x(len-n+1 : end); x(1:len -n)];
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else
error(' c_shift only works with vectors')
end

Code Listing G.3. A time shift function to be used with c_shift to preserve the
appropriate time axis values.

function y =t shift(x, n)

% T-SHIFT is used with the C_SHIFT function to change the time axis
% values appropriately so that the time axis is shifted along with the

% function.

% Example use: plot(t_shift(t, 100), c_shift(fun, 100))

[nr,nc]= size(x);

dx =x(2) -x(1);

ifnr==

len = nc;

y = [x(len-n+1 : end)-x(end)-dx+x(1), x(1:len -n)];
elseif nc ==

len = nr;

y = [x(len-n+1 : end)-x(end)-dx+x(1); x(1:len -n)];
else

error(' t shift only works with vectors')
end

Code Listing G.4. A low-pass filter for use in Fourier analysis where we have to
remove the frequencies above a certain value.

function Vf=lp filter(f, fstart, fend)

% LP_FILTERC({, fstart, fend) generates a low-pass filter
% which has a value of 1.0 below the frequency value
% fstart and tapers to zero at frequencies above the

% value fend with a cosine function.

% The calling sequence is:

% VI=1p_filter(f, fstart, fend)

if fend > f(end)

error( 'fend exceeds max frequency')
end
if fend < fstart
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error(' fend must be greater than fstart')
end
const = ones(size(f)).*(f < fstart);
taper = cos(pi.*(f-fstart)./(2*(fend-fstart))). * (f >= fstart & f <= fend);
Vf = const + taper;

Code Listing G.5. A function that simulates the band-limited behavior of a
system function, i.e. where the frequency response is maximum at a particular
frequency and has an extent in the frequency domain defined by a bandwidth
parameter.

function y = system_f (f, amp, fc, bw)

% SYSTEM_F(f, amp, fc, bw) returns the system function as modeled by a
% Gaussian window function of amplitude amp

% centered at frequency fc and with a bandwidth bw defined to

% be the spread in frequency at the half amplitude point in the Gaussian.
% The Gaussian is tapered to zero at frequencies below fc with a

% sine function to guarantee the dc value is always zero.

% For small fc and large bw, this tapering will distort the Gaussian

% The calling sequence for this function is: y =system_{(f, amp, fc, bw);

% compute the 'a' parameter and define system function above and below the
% center frequency

a = sqrt(log(2))/(pi*bw);

sl = exp(-(2*a*pi*(f - fc))."2).*(f > fc);

s2 = exp(-(2*a*pi*(f - fc)).*2).*sin(pi*f/(2*fc)).*(f <= fc);

% combine terms to obtain total system function

y = amp*(sl + s2);

Code Listing G.6. A function for calculating the transmission coefficient for
refracted P-waves or S-waves at the interface between two solids in smooth (shear
stress free) contact. The incident wave must be a P-wave.

function T12 = smooth_solid(setup)

% SMOOTH_SOLID(SETUP) computes the P-P (tpp)

% and P-S (tps) transmission coefficients based on velocity ratios
% for two solids in smooth contact. It obtains the necessary input
% parameters from the setup structure and then returns the

% appropriate transmission coefficient
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% Note: If setup.matl.cs1 = 0 the values returned are for a fluid-solid interface.

% get setup parameters
typel =setup.typel;
type2 =setup.type2;
inc= setup.geom.i_ang;
dl = setup.matl.dl;

d2 =setup.matl.d2;

cpl = setup.matl.cpl;
csl =setup.matl.csl;
cp2 =setup.matl.cp2;
cs2 =setup.matl.cs2;

% consistency check (if incident wave in medium 1 is an S-wave
% then can't use this fluid-solid trans. coefficient)

if stremp(typel, 's')
error('wrong wave type for medium 1')
end
iang = (inc.*pi)./180; %change degrees to radians

%calculate sines and cosines of all incident and refracted angles
sinpl = sin(iang);
cospl = sqrt(1-sinp1.72);
sins1 = (cs1/cpl)*sin(iang);
coss1= sqrt(1-sins1.72);
sinp2 = (cp2/cpl)*sin(iang);
sins2 =(cs2/cpl)*sin(iang);
% take into account cosines of refracted angles may be imaginary beyond
% critical angles
cosp2= (i*sqrt(sinp2.*2 - 1)).*(sinp2 >=1) + ...
(sqrt(1 - sinp2.72)).*(sinp2 < 1);
coss2 = (i*sqrt(sins2.”2 - 1)).*(sins2 >=1) + ...
(sqrt(1 - sins2.72)).*(sins2 < 1);

%calculate transmission coefficients
denoml = (cpl/cp2).*(cosp2./cospl).*...
(4.*((cs1/cpl)”2).*(sins1.*coss1.*sinpl.*cospl) + ...
1 - 4.*%(sins1.72).*(coss1.72));
denom?2 = (d2/d1).*(4.*((cs2/cp2)"2).*(sins2.*coss2.*sinp2.*cosp2) ...
+ 1 - 4.*(sins2./2).*(coss2."2));
denom = denom1 + denom?2;

tpp = ((2*cpl/cp2).*(1-2*sins1.72).*(1-2*sins2.*2))./denom;
tps = -((4*cpl*cs2/(cp22)).*sinp2.*cosp2.*(1-2*sins1.72))./denom;
%select appropriate coefficient
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if stremp(type2, 'p")

T12 = tpp;
elseif stremp(type2, 's')

T12 = tps;
else

error('wrong wave type specification’)
end

Code Listing G.7. A function that uses the separation of variables method to
calculate the far field pulse-echo P-wave scattering of a spherical void.

function Aout = A _void Psep(setup)

% A_VOID PSEP computes the far field P-wave scattering amplitude, Aout ,
% for a spherical void of radius b in an elastic solid (pulse echo)

% using the method of separation of variables. the only input parameter is

% the setup structure. The complex scattering amplitude, Aout,

% is returned (in mm).

% The calling sequence is:

% Aout = A void Psep(setup)

% get input parameters
f=setup.f;

b =setup.flaw.b;

cp = setup.matl.cp2;

cs =setup.matl.cs2;

cr = cp/cs; % ratio of P- and S- wave speeds
kp = 2000*pi*b*f./cp; % non-dimensional wave number, P-waves
kp =kp +.0001*(kp == 0);

% break P-wave wave number into two regions: kp <2 and kp >= 2
indc = find(kp < 2.);

kpd =kp(indc);

ind2 =find(kp >= 2.);

kpu = kp(ind2);

% S-wave wave numbers over same ranges

ksd =cr*kpd;

ksu =cr*kpu;

% use relatively small, fixed number of terms for kp <2
num = 10;
% compute scattering amplitude over kp <2 for sphere of radius b



G.8 Code Listings of Some Supporting Functions

589

Al =sca(kpd, ksd, num, b);

% use much larger number of terms for kp >= 2

num2= 10 + round(kpu(end));

% compute scattering amplitude over kp >= 2 for sphere of radius b
A2 = sca(kpu,ksu, num2, b);

% combine two ranges

Aout=[Al A2];

% force zero frequency scattering amplitude to zero exactly
Aout(1) =0;

% subfunction for calculating scattering amplitude with a given number

% of terms in the series. Generally, ten terms should be adequate

% for kp <2 and a number of terms that is proportional to the max

% kp-value should be adequate for large kp values. However, if the

% max kp-value is very large, the number of terms used here based on this
% value may be too large for the values just above kp =2, resulting in the

% round-offs that cause the function to return NaNs at those lower

% frequencies. This function has been tested up to kp = 90 without problems
% of this sort.

function A = sca(xp,xs, numb, b)
An = zeros(size(xp)); % initialize array of zeros

% First compute the normalized scattering amplitude A/b.

% xp = P- wave number, xs = S- wave number, k is an integer.
% Uses spherical Bessel functions and spherical Hankel functions
% of order k defined by sphJ(k,x), sphH(k, x)

for k = 0:numb
e3 = (2.¥k+1).*((k."2 - k - x8.72./2).*sphl(k, xp) +2.*xp.*sphJ(k+1,xp));
ed = (2.¥k+1).*((k-1).*sphJ(k, xp) - xp.*sphJ(k+1, xp));
e32 = -k.*(k+1).*((k-1).*sphH(k, xs) - xs.*sphH(k+1, xs));
e31 = (k"2 - k - xs.72./2).*sphH(k, xp) + 2.*xp.*sphH(k+1, xp);
e4l = (k - 1).*sphH(k, xp) -xp.*sphH(k+1, xp);
e42 = -(k"2 -1 - xs.°2./2).*sphH(k, xs) - xs.*sphH(k+1, xs);
ifk==
c=¢e3./e31;
else
c = (e3.*%e42 - e4.*e32)./(e31.%e42 - ed1.%e32);
end
An = An+ ((-1.)"k)*c;
end
% Now, put the b factor back, insert i/kp term which multiplies entire result
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A = i*b*An./xp;

Code Listing G.8. A function that uses the separation of variables method to
calculate the far field pulse-echo S-wave scattering of a spherical void.

function Aout = A_void_Ssep(setup)

% A_VOID_SSEP computes the far field SV-wave scattering amplitude, Aout ,
% for a spherical void of radius b in an elastic solid (pulse echo)

% using the method of separation of variables. the only input parameter is

% the setup structure. The complex scattering amplitude, Aout,

% is returned (in mm).

% The calling sequence is:

% Aout = A_void_Ssep(setup)

% get input parameters
f=setup.f;

b =setup.flaw.b;

cp = setup.matl.cp2;

cs =setup.matl.cs2;

cr = cp/cs; % ratio of P- and S- wave speeds
ks =2000*pi*b*f./cs; % non-dimensional wave number, S-waves
ks = ks +.001*(ks == 0);

% break S-wave wave number into two regions: ks <5 and ks >=5
indc = find(ks < 5);

ksd =ks(indc);

ind2 =find(ks >= 5);

ksu = ks(ind2);

% P-wave wave numbers over same ranges

kpd =ksd./cr;

kpu =ksu./cr;

% use relatively small, fixed number of terms for ks <5

num = 10;

% compute scattering amplitude over ks < 5 for sphere of radius b
Al =sca(kpd, ksd, num, b);

% use much larger number of terms for ks >=5

num2= 10 + round(ksu(end));

% compute scattering amplitude over ks >= 5 for sphere of radius b
A2 = sca(kpu,ksu, num2, b);
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% combine two ranges

Aout=[Al A2];

% force zero frequency scattering amplitude to zero exactly
Aout(1) =0;

% subfunction for calculating scattering amplitude with a given number

% of terms in the series. Generally, ten terms should be adequate

% for ks <5 and a number of terms that is proportional to the max

% ks-value should be adequate for large ks values. However, if the

% max ks-value is very large, the number of terms used here based on this
% value may be too large for the values just above ks=5, resulting in the

% round-offs that cause the function to return NaNs at those lower

% frequencies. this function has been tested up to ks = 50 without problems
% of this sort.

function A = sca(xp,xs, numb, b)
An = zeros(size(xp)); % initialize array of zeros

% First compute the normalized scattering amplitude A/b.

% xp = P- wave number, xs = S- wave number, k is an integer.
% Uses spherical Bessel functions and spherical Hankel functions
% of order k defined by sphJ(k,x), sphH(k, x)

for k = 1:numb

j12 = k.*(k+1).*((k-1).*sphJ(k, xs)-xs.*sphJ(k+1,xs));

h12 =k.*(k+1).*((k-1).*sphH(k, xs) -xs.*sphH(k+1,xs));

h13 =((k."2-k-xs.%2./2).*sphH(k,xp) +2.*xp.*sphH(k+1, xp));
j41 =((k-1).*sphJ(k, xs) -xs.*sphJ(k+1, xs))./2;

h41 = ((k-1).*sphH(k, xs) -xs.*sphH(k+1, xs))./2;

742 = (k"2 -1 -x8.72./2).*sphl(k, xs) + xs.*sphJ(k+1, xs);

h42 =((k."2 -1 -xs./2./2).*sphH(k, xs) + xs.*sphH(k+1, xs));
h43 = ((k-1).*sphH(k, xp) - xp.*sphH(k+1, xp));

¢ = (h13.%j42 -j12.%h43 )./(h13.*h42 -h12.*h43) -j41./h41;

An = An + (-1)"k.*((2.*¥k+1)./2).%c./(-1.*xs);
end

% Now, put the b factor back
A =Db*An;
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Code Listing G.9. A function that uses the separation of variables method to
calculate the normalized 3-D far field pulse-echo P-wave scattering amplitude of a

cylindrical void, A, , (e/’;—e/)/L .

function Ascatt = A SDH_Psep(setup)

% A_SDH_PSEP computes the separation of variables solution
% for the 3-D non-dimensional pulse-echo P-wave

% scattering amplitude, Ascatt, for a side-drilled hole

% of radius b (in mm).

% The function returns the scattering amplitude, A, divided

% by the length, L, i.e. Ascatt = A/L so that a value for L

% does not need to be specified. The only input to the function
% is the setup structure. The calling sequence is:

% Ascatt =A_SDH_Psep(setup);

% get setup parameters

f =setup.f;

b = setup.flaw.b;

cp =setup.matl.cp2;

cs = setup.matl.cs2;

%

cr = cp/cs; % ratio of P- and S- wave speeds

kp = 2000*pi*b*f./cp; % non-dimensional wave number, P-waves
kp =kp +.0001*(kp == 0);

% break P-wave wave number into two regions: kp <2 and kp >= 2
indc = find(kp < 2.);

kpd =kp(indc);

ind2 =find(kp >= 2.);

kpu = kp(ind2);

% S-wave wave numbers over same ranges

ksd =cr*kpd;

ksu =cr*kpu;

% use relatively small, fixed number of terms for kp <2

num = 10;

% compute normalized scattering amplitude over kp <2 for sphere of radius b
Al =sca(kpd, ksd, num);

% use much larger number of terms for kp >= 2

num2= 10 + round(kpu(end));

% compute normalized scattering amplitude over kp >= 2 for sphere of radius b
A2 = sca(kpu,ksu, num?2);

% combine two ranges
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Ascatt=[Al A2];

% force zero frequency normalized scattering amplitude to zero exactly

Ascatt(1) =0;

% subfunction for calculating normalized scattering amplitude for a
% side- drilled hole with a given number of terms in the series.

% Generally, ten terms should be adequate

% for kp <2 and a number of terms that is proportional to the max
% kp-value should be adequate for large kp values. However, if the

% max kp-value is very large, the number of terms used here based on this
% value may be too large for the values just above kp =2, resulting in the

% round-offs that cause the function to return NaNs at those lower

% frequencies. This function has been tested up to kp = 90 without problems
p to kp p

% of this sort.

% This function uses Hankel functions of type m, order n given by the MATLAB

% function besselh(n, m, x)

function A = sca(kp,ks, numb)
% initialize arrays

An = zeros(size(kp));

Ckp1 =zeros(size(kp));

Ckp2 =zeros(size(kp));

Cks1 =zeros(size(kp));

Dkpl =zeros(size(kp));

Dkp2 =zeros(size(kp));

Dks1 =zeros(size(kp));

¢ =zeros(size(kp));

%ocalculate the series
for n = 0:numb

Ckpl =(n"2 +n -(ks.*2/2)).*besselh(n, 1,kp) -((2*n).*besselh(n,1,kp)...

-kp.*besselh(n+1,1,kp));

Ckp2 =(n"2 +n -(ks."2/2)).*besselh(n, 2,kp) -((2*n).*besselh(n,2,kp)...

-kp.*besselh(n+1,2,kp));

Cksl =(n"2 +n -(ks.*2/2)).*besselh(n, 1,ks) -((2*n).*besselh(n,1,ks)...

-ks.*besselh(n+1,1,ks));
Dkpl = (n*2 +n).*besselh(n,1,kp) -n*((2*n).*besselh(n,1,kp)...
-kp.*besselh(n+1,1,kp));
Dkp2 = (n*2 +n).*besselh(n,2,kp) -n*((2*n).*besselh(n,2,kp)...
-kp.*besselh(n+1,2,kp));
Dks1 = (n”2 +n).*besselh(n,1,ks) -n*((2*n).*besselh(n, 1 ks)....
-ks.*besselh(n+1,1,ks));

ifn==
¢ =1+ Ckp2./Ckpl;
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else

¢ =2*¥(1+(Ckp2.*Cks1 -Dkp2.*Dks1)./(Ckp1.*Cks1 - Dkpl.*Dks1));
end

An=An+ ((-1.)*n)*c;

end

% Now, put the external factor in

A = (i/(2*pi))*An;

Code Listing G.10. A function that uses the separation of variables method to
calculate the normalized 3-D far field pulse-echo SV-wave scattering amplitude of

a cylindrical void, 4, (ej;—ef ) /L.

function Ascatt = A_SDH_Ssep(setup)

% A_SDH_SSEP computes the separation of variables solution
% for the 3-D non-dimensional pulse-echo SV-wave

% scattering amplitude, Ascatt, for a side-drilled hole

% of radius b (in mm).

% The function returns the scattering amplitude, A, divided
% by the length, L, i.e. Ascatt = A/L so that a value for L

% does not need to be specified.The only input to the function
% 1is the setup structure. The calling sequence is:

% Ascatt =A SDH_Ssep(setup);

%

% get input parameters
f=setup.f;

b =setup.flaw.b;

cp = setup.matl.cp2;

cs =setup.matl.cs2;

cr = cp/cs; % ratio of P- and S- wave speeds
ks =2000*pi*b*f./cs; % non-dimensional wave number, S-waves
ks =ks +.001*(ks == 0);

% break S-wave wave number into two regions: ks <5 and ks >=5
indc = find(ks < 5);

ksd =ks(indc);

ind2 =find(ks >=5);

ksu = ks(ind2);

% P-wave wave numbers over same ranges

kpd =ksd./cr;

kpu =ksu./cr;
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% use relatively small, fixed number of terms for ks <5

num = 10;

% compute scattering amplitude over ks < 5 for sphere of radius b
Al =sca(kpd, ksd, num);

% use much larger number of terms for ks >= 5

num2= 10 + round(ksu(end));

% compute scattering amplitude over ks >= 5 for sphere of radius b
A2 = sca(kpu,ksu, num?2);

% combine two ranges

Ascatt=[Al A2];

% force zero frequency scattering amplitude to zero exactly
Ascatt(1) =0;

% subfunction for calculating normalized scattering amplitude for a

% side-drilled hole with a given number of terms in the series.

% Generally, ten terms should be adequate

% for ks <5 and a number of terms that is proportional to the max

% ks-value should be adequate for large ks values. However, if the

% max ks-value is very large, the number of terms used here based on this
% value may be too large for the values just above ks = 5, resulting in the
% round-offs that cause the function to return NaNs at those lower

% frequencies. This function has been tested up to ks = 50 without

% problems of this sort.

% This function uses Hankel functions of type m, order n defined by the
% MATLAB function besselh(n, m, x)

function A = sca(kp, ks, numb)

% initialize arrays

An = zeros(size(kp));
Cnp1 =zeros(size(kp));
Cnsl =zeros(size(kp));
Cns2 =zeros(size(kp));
Dnpl =zeros(size(kp));
Dnp2 =zeros(size(kp));
Dns1 =zeros(size(kp));
¢ =zeros(size(kp));

% Calculate series
for n = 0:numb

Cnpl =(n"2 +n -(ks.*2/2)).*besselh(n, 1,kp) -((2*n).*besselh(n,1,kp)...
-kp.*besselh(n+1,1,kp));
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Cns2 =(n"2 +n -(ks.*2/2)).*besselh(n, 2,ks) -((2*n).*besselh(n,2,ks)...
-ks.*besselh(n+1,2,ks));

Cnsl =(n"2 +n -(ks.*2/2)).*besselh(n, 1,ks) -((2*n).*besselh(n,1,ks)...
-ks.*besselh(n+1,1,ks));

Dnpl = (n"2 +n).*besselh(n,1,kp) -n*((2*n).*besselh(n, 1, kp)...
-kp.*besselh(n+1,1,kp));

Dns2 = (n"2 +n).*besselh(n,2,ks) -n*((2*n).*besselh(n,2,ks)...
-ks.*besselh(n+1,2,ks));

Dnsl = (n”2 +n).*besselh(n,1,ks) -n*((2*n).*besselh(n, 1 ks)...
-ks.*besselh(n+1,1,ks));

ifn==
¢ =1+ Cns2./Cnsl;
else
¢ =2*(1+(Cns2.*Cnp1 -Dns2.*Dnp1)./(Cnpl.*Cnsl - Dnpl.*Dns1));
end
An=An+ ((-1.)"n)*c;
end
% Now, put the external factor in
A = (i/(2*pi))*An;

Code Listing G.11. A function that models the open-circuit voltage output versus
time of a pulser.

function V = pulserVT(VO0, t0, al, a2, t)

% PULSERVT(VO, t0, al, a2, t) models the open-circuit voltage of
% a spike or square wave pulser using the four parameters V0, t0,

% al, and a2. The parameter VO controls the amplitude and the other
% parameters control the rise and fall characteristics of the pulse.

% The input parameter t is a set of sampled times.

t=t+ eps*(t==0);

Vinf = VO0/(1-exp(-al *t0));

V = -Vinf*(1- exp(-al *t)).*(t <= t0) -VO0*exp(-a2*(t -t0)).*(t > t0);

Code Listing G.12. A function that computes the Fresnel integral.

function y=fresnel int(x)
%FRESNEL INT(X) computes the Fresnel integral defined as the integral
%from t = 0 to t = x of the function exp(i*pi*t*2/2). Uses the approximate
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%expressions given by Abramowitz and Stegun, Handbook of Mathematical
%~Functions, Dover Publications, 1965, pp. 301-302.
%The calling sequence is: y = fresnel _int(x)

%separate arguments into positive and negative values, change sign
%of the negative values

xn =-x(x<0);

Xp=x(x >=0);

%compute cosine and sine integrals of the negative values, using the
%oddness property of the cosine and sign integrals

[cn,sn] =cs_int(xn);

cn= -cn;

sn = -sn;

%compute cosine and sine integrals of the positive values

[cp, sp]=cs_int(xp);

%combine cosine and sine integrals for positive and negative
%values and return the complex Fresnel integral

ct=[cn cp];

st =[sn sp];

y=ct+i*st;

%CS_INT(XI) calculates approximations of the cosine and sine integrals
%for positive values of xi only(see Abramowitz and Segun reference above)
function [c, s]=cs_int(xi)

f=(1+0.926.*x1)./(2+1.792.*xi1 +3.104.*xi."2); ~ % f function (see ref.)
g=1./(2+4.142.*xi+3.492.*%x1./2+6.67.*x1."3); % g function (see ref.)
c=0.5 +f.*sin(pi.*xi."2./2) -g.*cos(pi.*xi."2./2); % cosine integral approx.
s = 0.5 -f.*cos(pi. *xi."2./2)-g.*sin(pi.*xi.72./2); % sine integral approx.
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A

ABCD scalar matrices, 561

ABCD vector matrices, 214

acoustic impedance, 463

acoustic properties table, 499

acoustic/elastic transfer function, 67,
165,172,410

aliasing, 449

amplification factor. See receiver-
gain

amplitude-area factor, 437

angle beam shear wave modeling,
159, 404-425

angle beam shear wave transducer,
535

angular plane wave spectrum model,
130

asymptotic beam growth angle, 548

attenuation, 348, 525-529

B

bandwidth (-6 dB), 351, 444

beam waist (Gaussian), 547

beam wave front curvature
(Gaussian), 546

beam width (Gaussian), 191, 211,
546

beam width (focal plane), 153

blocked force, 69

Born approximation, 277-286

boundary element method, 297

bulk modulus, 492

bulk wave, 2, 498, 535

C

center frequency, 350, 443

circ function, 222

circular frequency, 4, 440

confocal distance. See confocal
parameter

confocal parameter, 191, 545

contact P-wave transducer, 155

contact S-wave transducer, 535

convolution integral, 482

corner trap signal, 418

counter bore, 414

couplant, 406, 535

crack flashpoint response, 257

creeping wave, 245

critical angle, 511

current probe, 96

D

DAC curve. See distance-amplitude-
correction curve

DAC transfer curve, 394

damping setting. See pulser-
damping

DDBA. See doubly distorted Born
approximation

decibel (dB), 444

deconvolution, 390, 483

defocusing interface, 557

delta function, 453

diffraction coefficient, 140

direct wave, 138

directivity function, 157
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discrete Fourier transform, 447

displacement discontinuity, 240

distance-amplitude-correction curve,
394

doubly distorted Born
approximation, 284

E

edge wave, 138
effective transducer focal length,
109
effective transducer radius, 109
EFIT. See elastodynamic integration
technique
Einstein summation notation, 19
elastic constants tensor, 238
elastodynamic finite integration
technique, 298
electrical impedance, 460
energy setting. See pulser-energy
equations of motion
-fluid, 492
-solid, 497
equivalent impedance (defined), 469
equivalent flaw radius, 249, 255
equivalent source (defined), 469
extensional plate wave, 541

F

far-field scattering amplitude
-in a fluid, 235-236
-in a solid (crack), 240-241
-in a solid (volumetric flaw),
237-238
-in the Born approximation,
277-278
fast Fourier transform (FFT), 451
finite element method, 297
flashpoint response. See crack flash-
point response
flexural plate wave, 541
focusing interface, 558
Fourier transform, 439
Fraunhoffer approximation, 143

G

Gaussian beam theory, 179-221,
543-568

generalized Hooke’s law, 497

generalized normal incidence, 255

generalized Snell's law, 513

geometric dispersion, 540

H

Helmholtz equation, 130, 523
Hilbert transform, 452

I

impedance matrix, 474

impulse response function, 481
indicial notation. See Einstein sum-
mation notation

inhomogeneous wave, 131, 512

K

Kirchhoff approximation
-for crack, 251-258
-for side-drilled hole, 268-277
-for volumetric flaw, 241-251
-validity of, 258-268

KILM transducer model, 51

L

Lame’ constant, 497

leading edge response, 245, 247

linear time-shift invariant system,
481

LTI system. See linear time-shift
invariant system

M

Mason transducer model, 51

material dispersion, 530

MATLAB functions and scripts,
575-598

MBA. See modified Born
approximation
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measurement model
-reciprocity-based, 310, 324,
373-378
-Thompson-Gray, 315, 325,
357-373
-for cylindrical reflector, 318,
378-386

mechanical impedance, 462

method of finite differences, 296

method of optimal truncation, 264,
296

mode conversion, 513

modified Born approximation, 286

MOOT. See method of optimal
truncation

multi-Gaussian beam model,
221-230, 327-331, 337-348,
568-570

N

Navier’s equations, 497
near field distance, 139
Nyquist criterion, 450

(0]

O’Neil focused transducer model,
148

open-circuit output voltage model
(pulser), 31

P

paraxial approximation
-defined, 180, 544
-for plane wave, 184-185
-for spherical wave, 181-183
-limitations, 230

paraxial wave equation, 181, 544

piston transducer, 48, 129, 473

plane of incidence, 199

plane wave solutions, 495

plate wave, 540

Poisson’s ratio, 497

polarization, 500

potential functions, 500

propagation law, 188
propagator matrix, 219
pulse distortion, 513
pulser
-equivalent impedance, 24
-equivalent voltage source, 24
-energy, 21
-damping, 21
-pulse amplitude, 22
-pulse width, 22
-rep rate, 22
P-waves, 498

Q

quasi-plane wave, 543

R

radiation impedance. See transducer-
radiation impedance
Rayleigh distance, 222, 569
Rayleigh equation, 538
Rayleigh wave, 537-539
Rayleigh wave speed, 538
Rayleigh-Lamb equation, 541
Rayleigh-Sommerfeld integral, 135
receiver
-impedance, 85
-gain, 85
receiving transducer sensitivity, 82
reciprocal theorem
-for a cable, 35-37
-for a flaw measurement system,
301-314
-for a transducer, 47-49
reflection/transmission coefficients.
See transmission/reflection
coefficients
rep rate. See pulser-rep rate
Ricatti equation, 187

S

SAC. See size-amplitude-curve
scattering amplitude. See far-field
scattering amplitude
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self-reciprocity method, 108

separation of variables, 286-293

setup structure, 334-336

Sittig model, 49

size-amplitude-curve, 437

Snell’s law, 509

sound generation transfer function,
63

sound reception transfer function, 68

specific acoustic impedance, 463

spherical wave, 523

spike pulser, 21

square wave pulser, 21

stationary phase method, 247

step function. See unit step function

stress tensor, 242, 302, 501

Stokes’ relations, 523

S-waves, 498

surface wave. See Rayleigh wave

system efficiency factor, 118

system function, 115, 350

T

Technique for Identification of Flaw
signals using Deconvolution, 427

TEM mode, 35

Thévenin’s theorem, 466

Thompson-Gray measurement
model. See measurement model-
Thompson-Gray

three transducer method for
measuring transducer sensitivity,
107

TIFD. See Technique for
Identification of Flaw signals
using Deconvolution

T-matrix method, 295

traction vector, 15, 302

transducer
-electrical impedance, 58, 95-98
-far-field, 139
-F-number, 154
-near field, 139
-radiation impedance, 5

-receiving sensitivity, 104-108
-reciprocity, 83
- transmitting sensitivity, 59,
98-103
transfer function, 482
transfer matrix
-defined, 474
-of a cable, 38
-of an acoustic layer, 54
-of a transducer, 50
transmission/reflection coefficients
-fluid-fluid interface, 507-513
-fluid-solid interface, 513-518
-normal incidence, 505-507
-solid-solid smooth interface,
518-519
transmission line model, 38
transmission/reflection laws
(Gaussian beam), 196
transport equation, 187
two port system, 37, 473

U

ultrasonic measurement model. See
measurement model
unit step function, 454

\%

vector far-field scattering amplitude,
237

W

wave equation, 493, 538

wave front curvature, 211

wave intensity, 521

wave number, 446

wavelength, 446

Wen and Breazeale coefficients, 337
Wiener filter, 484

Y
Young’s modulus, 497





